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Abstract. Let A be an algebra with a countable basis and let B be, say, 
a Frechet algebra that contains A as a dense subalgebra. The embedding 
A —> B induces a functor from the derived category of B-modules to the 
derived category of A-modules. In many important examples, it happens that 
this functor is fully faithful. We study this property in some detail, giving 
several equivalent conditions, examples, and applications. 

To prepare for this, we explain carefully how to do homological algebra 
with modules over bornological algebras. We construct the derived category 
of bornological left A-modules and some standard derived functors, with spe- 
cial emphasis on the adjoint associativity between the tensor product and the 
internal Horn functor. We also discuss the category of essential modules over 
a non-unital algebra and its functoriality. 



1. Introduction 

We first consider a motivating example. Let T 2 , be the noncommutative 2-torus 
with parameter 9 G M. Functions on T 2 , have Fourier expansions of the form 
n£Z a mnU m V n , where U and V are invertible and satisfy the relation 

UV = exp(2m6)VU. 

The algebra V(Tg) of polynomial functions on Tg is defined by the requirement 
a mn S C[Z 2 ]. The algebra S(Tg) of smooth functions on T 2 , is defined by the 
condition (a mn ) € S(Z 2 ), that is, a mn = 0{m + n + l)~ fc for all k € N. If 6 = 0, 
then V(Tg) is the algebra of Laurent series, that is, polynomial functions on (C x ) 2 , 
and S(Tg) is isomorphic to the algebra of smooth functions on T 2 . 

Alain Connes has computed the Hochschild and cyclic homology of S(Tg) in [3]. 
He uses a small free 5(Tg)-bimodule resolution of S(Tg). Such a resolution is 
rather easy to find for the dense subalgebra V(Tg). The crucial point in Connes 's 
computation is that the same type of complex still works for S(Tg). There are 
situations that are similar at first sight, but where such a resolution does not exist. 
For instance, there is no small free £i(Z)-bimodule resolution for the convolution 
algebra £i(Z), although there is an evident one for the dense subalgebra C[Z]. This 
is why the Hochschild homology of ^i(Z) is so hard to compute. 

The above example generalises as follows. Let / : A — > B be a bounded unital 
homomorphism between two bornological unital algebras. If you are unfamiliar 
with bornologies, you may think of topological algebras here for the time being. 
Choose any resolution of A by free bornological A-bimodules, 

► Pa -► -Pa -Pi -»■ Po -»■ A. 

"Resolution" means that the chain complex above has a bounded contracting ho- 
motopy. Now we consider the chain complex B ®a P» ®a B, which can be equipped 
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with a canonical augmentation map B (3 a Pq ®a B — > B. Here ®a denotes the 
^-balanced complete bornological tensor product, which is defined by the universal 
property that bounded linear maps X ®a Y — > Z correspond to bounded bilinear 
maps b: X xY ^ Z that satisfy b(xa, y) = b(x, ay). 

The complex B (g>A P» ®A B is a good candidate for a free -B-bimodule resolution 
of B. It is always a chain complex of free bornological -B-bimodules. If it is a 
resolution of B as well, we call / : A — > B isocohomological. This is what happens 
for the embedding of V(Tg) into S(T@) and makes the cyclic homology of S(Tg) 
computable. I introduced this concept in the context of group convolution algebras 
in [18] to facilitate some rather technical computations of coinvariant spaces. Of 
course, the information that / is isocohomological is particularly useful if A has a 
rather small free bimodule resolution. Proving that a homomorphism is isocoho- 
mological is usually difficult and requires some geometric insight into the algebras 
at hand. This is particularly apparent in the following situation. 

Let G be a finitely generated discrete group and let i be a word length function 
on G. Let C[G] be the associated group algebra and let 

(1) S(G):={/:G-c| £ (%) + l) fe < ^ Vfc E n}. 

gee 

Then C[G] is an algebra with a countable basis and <S(G) is a Frechet algebra, 
containing C[G] as a dense subalgebra. The embedding i: C[G] — > 5(G) is isocoho- 
mological if and only if the slightly simpler chain complex S(G) <8>c[G] P» ®C[G] C is 
a resolution of C, where C is equipped with the trivial representation of G and P, 
is a free C[G]-bimodule resolution of C[G]. I show in [19] that the homotopy class 
of this chain complex only depends on the large scale geometry of G and construct 
a contracting homotopy in the case where G is a combable group in the sense of [4] . 
In this article, we will see that it is also contractible if G has polynomial growth. 
The proof reduces this assertion to an analogous one for nilpotent Lie groups, which 
can be checked using chain complexes of differential forms. 

There are finitely generated groups for which the embedding C[G] — > S(G) is 
not isocohomological because of the following obstruction: a necessary condition 
for C[G] — > S(G) to be isocohomological is that the rational cohomology groups 
H n (G; Q) must be finite dimensional for all n G N. 

The main goal of this article is to explore other properties of isocohomological 
homomorphisms. Put in a nutshell, if /: A — > B is isocohomological, then all 
homological computations with B-modules can be reduced to homological compu- 
tations with ^4-modules. There are three basic constructions for which we verify this 
statement: the left derived functor (g> B of the balanced tensor product (M, N) \— ► 
M® B N, the right derived functor M Horns of the functor (M, N) >-> Hom B (M, N), 
and the derived category Der(B) over the category of bornological -B-modules. 

It is important for us to use total derived functors instead of the satellite func- 
tors like Ext^(M,7V) and Torf (M,N) that are often called derived functors. The 

latter can be obtained from the total derived functors IR Horns (M, N) and M%> B N 
by passing to homology. Thus statements about total derived functors imply state- 
ments about their satellite functors. However, the passage to homology forgets the 
homology, which is an important part of the structure. For instance, the chain 
complex B ®a P» ®a B is a realisation of B ® A The definition of an isocohomo- 
logical homomorphism therefore amounts to the condition that the natural chain 
map B <S> A B — > B ® B B = B should be a homotopy equivalence. This is more than 
a statement about Toi^(B,B). 
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We will see in Theorem 35 that various conditions involving RHom B , and 
Der(B) are equivalent to / being isocohomological. For instance, / is isocohomo- 
logical if and only if the functor /* : Der(B) — > Der(A) induced by / is fully faithful. 
It is possible to prove these equivalences by hand, playing around cleverly with free 
resolutions. However, the proof gets more transparent and much shorter if we use 
some of the more advanced tools of homological algebra. There are also other sit- 
uations where this machinery is useful. Therefore, a great part of this article deals 
with the application of homological algebra to categories of bornological modules. 

Before I explain how this works, I should discuss why I use homologies instead 
of topologies. A homology on a vector space is a collection of bounded subsets 
that satisfies certain axioms. Topological vector spaces always carry canonical 
homologies. As long as we are only dealing with Frechet spaces, bornological and 
topological analysis tend to be equivalent (see [16]). Already for the simplest pos- 
sible non- Frechet spaces like C[G] or V(Tg), working topologically creates several 
technical problems. These problems are artificial because they disappear when we 
treat these spaces bornologically. One of the reasons why homological algebra with 
bornological vector spaces is particularly nice is adjoint associativity: the com- 
plete bornological tensor product is left adjoint to the internal Hom-functor. In 
particular, there is a canonical homology on a space of bounded linear maps. In 
contrast, on spaces of continuous linear maps, there are dozens of topologies, which 
are useful for certain purposes, but do not have good algebraic properties. The 
complete topological tensor product cannot have any right adjoint because it does 
not commute with direct sums. 

Adjoint associativity allows us to get assertions about homology from assertions 
about cohomology (with coefficients). In contrast, in categories of topological vector 
spaces homology seems to carry more information than cohomology. More precisely, 
let / : A —* B be a continuous unital homomorphism between two topological unital 
algebras. The homological statement B tg> A B = B implies easily that the induced 
functor /* : Der(£>) — > Der(A) is fully faithful. However, the converse seems to be 
false. At least, I have no idea how to prove it in general. 

Let Mod(A) be the category of bornological left modules over some bornological 
unital algebra A. This category is never Abelian. Jean-Pierre Schneiders and Fabi- 
enne Prosmans have promoted the notion of a quasi- Abelian category (see [25-27]). 
The category Mod (A) is indeed a quasi- Abelian category. However, there are only 
very few situations where the resulting derived functors and derived categories are 
useful. The reason is that we usually do not want any nontrivial homological al- 
gebra to happen for A = C. Moreover, we want free modules to be projective. 
Therefore, we do relative homological algebra and only allow resolutions with a 
bounded linear section. This setup can be formalised easily: Mod (A) with the class 
of extensions with a bounded linear section is an exact category in the sense of 
Daniel Quillen. Abelian categories and quasi- Abelian categories are, of course, spe- 
cial cases of exact categories. Most constructions that work in Abelian categories 
still work for exact categories with very mild extra hypotheses. Therefore, we shall 
work in the framework of exact categories. 

We let Ho(A) be the homotopy category of chain complexes over the category 
Mod(A). This is a triangulated category, and the exact complexes form a thick, 
triangulated subcategory Exact(A) C Ho(A). This is true for almost any exact 
category by [22]. The derived category Der(A) is defined as the localisation of Ho(A) 
at Exact(A). The exact category Mod(A) has enough projectives and injectives, 
namely, the free modules A <g> X and the cofree modules Hom(A, X). This yields 
a rather explicit description of Der(A) and derived functors. Another important 
feature of Ho(A) and Der(A) is that these categories are generated in some sense 
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by appropriate subcategories of Mod (A) (see Propositions 6 and 10). This idea 
goes back to [1]. It is very useful to reduce assertions about chain complexes to 
assertions about modules. 

There is a canonical homology on the space Hom^M, N) of bounded A-module 
homomorphisms between two ^4-modules M and N. The functors HoniA and <gu 
satisfy important adjointness relations. The most general statement is that there 
is a natural isomorphism of bornological vector spaces 

Hom B , c (M <8> A N, X) ^ Hom j4 , c (JV, Horns (M, X)) 

if M is a B, A-bimodule, TV is an A, C-bimodule, and X is a B, C-bimodule. 

It is easy to extend the construction of Homyt(M, N) and M <x>a N to the case 
where M and N are chain complexes instead of modules. Applying the resulting 
functors to projective and/or injective resolutions, we define the derived functors 
RHomi(M, TV) and M ® A N. These are triangulated functors 

R Hom^ : Der(A) op x Der(A) Ho, ®\: Der(A op ) x Der(A) -> Ho. 

Here op denotes opposite categories and algebras. They satisfy the appropriate 
analogue of adjoint associativity. 

It is frequently necessary in noncommutative geometry to consider certain non- 
unital algebras like I?(G), the convolution algebra of smooth, compactly supported 
functions on a locally compact group G. Although non-unital, V{G) has approxi- 
mate identities, and V(G) is projective both as a left and right module over itself. 
We call algebras with these two properties quasi-unital. A module over an algebra 
is called essential if the module action A ® M — > M is a bornological quotient 
map or, equivalently, A <£>a M = M . We let Mod(A) be the category of essential 
modules. The category Mod(2?(G)) is of great interest because it is isomorphic to 
the category of smooth representations of G on bornological vector spaces by [17]. 
The case of V{G) is typical for general quasi-unital algebras: most arguments for 
the group case work in this generality. 

Any quasi-unital algebra has a multiplier algebra M(A), and the category of 
essential modules over A embeds as a full subcategory in the category of unital 
Al(A)-modules. This embedding also preserves projectives, so that we get a cor- 
responding fully faithful embedding of derived categories Der(A) C Der(Ai(A)). 
This is not an equivalence of categories because M(A) is not an essential mod- 
ule over A. Although it may seem tempting to work with unital A4(A)-modules 
instead of essential ^4-modules, there are important reasons for not doing so (see 
Section 4.4). 

We also discuss the functoriality of Mod(A) and Der(A). A bounded homomor- 
phism f:A—> A4(B) allows us to view B as an ^4-bimodule. We call / essential 
or just a morphism if B is essential as an A-bimodule. If A and B are unital, this 
just means that /(1a) = Is- A morphism is called proper if it is a bounded map 
from A into B. We use the notation /: A --■ > B to denote a morphism from A 
to B. We write /: A — > B if / is proper. To any morphism, we associate functors 

/*, f : Mod(B) -► Mod(A), /*, f\ : Mod(A) -► Mod(B). 

The functor /* is right adjoint to /* and /] is left adjoint to / ! . If / is proper, then 
/* = f . This is reminiscent of the adjointness properties between functors in sheaf 
theory that carry the same names. However, beyond this formal point there is no 
further relationship between these two situations. 

For example, if H is a closed subgroup of a locally compact group G, then we 
get an associated morphism : T>(H) — > T>(G). It is proper if and only if H is 
open in G. The functors {%%)*: Mod(G) -» Mod(ff), (ig)„: Mod(ff) — ► Mod(G), 
and : Mod(iJ) — ► Mod(G) correspond to restriction, induction, and compact 
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induction of representations, up to certain relative modular functions. There is no 
classical analogue of the functor ■ 

After introducing the above structure on module categories, we turn to the char- 
acterisation of isocohomological homomorphisms. We give several equivalent char- 
acterisations. The most attractive one may be that / is isocohomological if and 
only if /* : Der(i?) — > Der(A) is fully faithful. The general machinery developed 
above makes it easy to prove the equivalence of these conditions. 

Then we consider some classes of examples of isocohomological homomorphisms. 
First we consider group convolution algebras, then crossed products. Our results 
on crossed products contain results on noncommutative tori as special cases. In 
the group case, we first exhibit how our definitions are related to [19]. We explain 
how to treat weighted variants of the space S(G) for a discrete group G. I needed 
this generalisation in a rather simple special case in [18]. Then we show that the 
embedding C[G] — > S(G) is isocohomological for discrete groups of polynomial 
growth. The proof reduces this to the special case where G is a cocompact lattice 
in a connected nilpotent Lie group G. We use the de Rham complex of compactly 
supported differential forms on G as a free C[G] -module resolution of the trivial 
representation of G. The same argument shows that the embedding T>{G) — > S(G) 
is isocohomological. For a Lie group G, let 0(G) be the algebra of functions on G 
whose derivatives decay faster than any exponential in the length function. Our 
argument also shows that the embedding T>(G) — ► 0(G) is isocohomological for a 
large class of G, including all semi-simple Lie groups. It seems likely that the Harish- 
Chandra-Schwartz algebras of semi-simple Lie groups and their p-adic analogues are 
also isocohomological. However, so far I could check this only for Sl2(Q p ). 

2. BORNOLOGICAL MODULES OVER UNITAL BORNOLOGICAL ALGEBRAS 

Throughout this article, we may consider bornological algebras over the real or 
complex numbers. We usually suppose that we work over C in our notation. We 
write X So £ to denote that X is an object of a category <£. 

2.1. Bornologies. We shall only meet complete convex bornological vector spaces 
in this article. Therefore, we drop these qualifiers from our notation and tacitly 
assume all bornologies to be complete and convex. We refer to [8, 9, 16, 26] for 
general results on bornological vector spaces. 

A homology on a vector space V is just a collection of bounded subsets. Convexity 
of the homology means that any bounded subset is contained in an absolutely 
convex bounded subset. If T C V is an absolutely convex bounded subset, we 
let Vt be its linear span. There is a unique seminorm on Vr whose unit ball is 
T' := f] e>0 {l + e)T. We call T a complete disk in V if T = T and V T is a Banach 
space. Completeness of the homology means that any bounded subset is contained 
in a complete disk. The complete disks in V form a directed set and T i— > Vr is 
an inductive system of Banach spaces with the additional property that the maps 
Vg — ► Vr for S < T are injective. We have a natural isomorphism of bornological 
vector spaces V = limVr- A closer look at this construction reveals that the 
category of bornological vector spaces is equivalent to the category of inductive 
systems of Banach spaces with injective structure maps (see [26]). Analysis in 
bornological vector spaces is done by reduction to the Banach space case. For 
instance, a sequence converges in V if and only if it converges in Vr for some 
complete disk T. 

We shall need the following examples of bornologies. Any vector space V can be 
written as a direct union of its finite dimensional subspaces. This gives rise to the 
fine homology on V. The precompact subsets of a Frechet space V form a homology, 
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called the precompact homology on V. We remark that "precompact" is synonymous 
to "totally bounded"; it is equivalent to "relatively compact" in complete spaces. 

Let V and W be two bornological vector spaces. We write Hom(V, W) for the 
space of bounded linear maps V W. A subset S C Hom(V, W) is called equi- 
bounded if S(T) C W is bounded for any bounded subset T C V. The equibounded 
subsets form a complete convex bornology on Hom(V, W). The bornological vector 
space Hom^"'(Vi x • • • x V n , W) of bounded n-linear maps V\ x • • • x V n — > W is 
defined similarly. It is easy to see that there is a bornological isomorphism 

(2) Hom(0 X it JJ Y 3 ) S JJ Hom(X 4 , K,). 

Moreover, composition is a bounded bilinear map 

o : Hom(A, W) x Hom(V, X) -> Hom(V, VK), (/, g)^ fog. 

Thus End(F) := Hom(V, V) is a bornological algebra. 

The projective (complete bornological) tensor product V ® is a (complete con- 
vex) bornological vector space with the universal property that bounded bilinear 
maps V x W — > X into complete convex bornological vector spaces correspond 
to bounded linear maps V <8> — > X (see [8]). There is a natural bornological 
isomorphism 

Rom(Vi ® ■ ■ ■ ®V n ,W) = Hom (n) (Vi x • • • x V n ,W). 

Hence is commutative, associative, and satisfies C <S> V = V ® C = V for all V. 
There are natural adjoint associativity isomorphisms 

(3) Uom(V ® W, X) S Hom(V, Hom(T4^, X)) = Hom(VK, Hom(y, X)) 

because these spaces are all bornologically isomorphic to Hom^ 2 ^(y x W, X). Equa- 
tion (3) implies that <g> commutes with direct limits. Especially, 

(4) (0 X t ) ® (0 Yj) S0^^.. 

i j i,j 

In categories of topological vector spaces, adjoint associativity fails. There are 
many useful topologies on spaces of continuous linear maps, but they do not have 
particularly good algebraic properties. In fact, the most canonical structure on a 
space of continuous linear maps is a bornology, namely, the equicontinuous bornol- 
ogy. The complete projective topological tensor product ([6]) cannot have a right or 
left adjoint functor because it does not commute with direct sums and it does not 
preserve kernels. Instead, it commutes with direct products and preserves cokernels. 

2.2. Bornological algebras and modules. A bornological algebra is a bornolog- 
ical vector space together with a bounded associative multiplication A x A — > A. 
A bornological (unital) left A-module is a bornological vector space M together 
with a bounded bilinear multiplication map A x M — > M satisfying the usual rules 
ar(<i2-m) = (ai-a2)-m, 1-m = m. By the universal property of the complete borno- 
logical tensor product, this data is equivalent to a bounded linear map A®M —> M 
satisfying similar properties. By adjoint associativity (3), this is further equivalent 
to a bounded unital algebra homomorphism A — > End(M). The latter description 
is, of course, not available for topological modules. We let Mod(A) be the category 
of bornological left A-modules, whose objects are the bornological left ^4-modules 
and whose morphisms are the bounded A-module homomorphisms. In this section, 
we only consider unital algebras and modules. The important generalisation to 
essential modules over quasi-unital algebras is treated in Section 4. 

Right modules are defined similarly using a homomorphism A op — > End(M), a 
bilinear map MxA^ M, or a bilinear map M®A — > M . Here A op is the opposite 



EMBEDDINGS OF DERIVED CATEGORIES OF BORNOLOGICAL MODULES 



7 



algebra of A. Thus we write Mod(j4 op ) for the category of right A-modules. The 
category of A, _B-bimodules is denoted by Mod(A ® B op ). We write Bor for the 
category of bornological vector spaces. Thus Bor = Mod(C). 

Any morphism /: M —> N in Mod (A) has both a kernel and a cokernel. The 
kernel is simply the usual vector space kernel equipped with the subspace bornology. 
The cokernel is the quotient N/f(M), where the closure of f(M) is the smallest 
subspace of N that contains f(M) and has the property that any sequence in f(M) 
that converges in A has its limit point again in f(M). It is an important fact that 
this quotient is again a complete convex bornological vector space (see [9]). We 
also have canonical homologies on direct sums and products. These fulfil the usual 
categorical requirements for coproducts and products. As a result, the category 
Mod(A) is complete and cocomplete, that is, any diagram in Mod(A) has both a 
direct and an inverse limit. It is also clear that Mod(A) is an additive category. 

2.3. Adjoint associativity. If M, N Go Mod (A), we let Hom A (M, N) be the 
space of bounded A-module homomorphisms with the equibounded bornology. 
Thus Honu(M, N) is a bornological subspace of Hom(M, N). If M Gq Mod(A op ), 
A Go Mod (A), we define the A-balanced projective tensor product M ®a N as the 
cokernel of the bounded linear map 

M ® A® N — > M ® N, m®a®n^m-a®n~m®a-n. 

That is, we divide by the closure of the range of this map. Thus M ®a N is a 
complete convex bornological vector space. 

Now let A, B, C be unital bornological algebras. If M Go Mod(A <g> B op ) and 
A Go Mod (A ® C op ), then Hom^M, N) carries a canonical B, C-bimodule struc- 
ture by b ■ f ■ c(m) := f(m ■ b) ■ c for all b G B, c G C, m G M, f G Hom A (M, N). 
Thus we get a bifunctor 

Hom A : Mod(A ® B op ) op x Mod(A ® C op ) -> Mod(B ® C op ). 

If M Go Mod(B®A op ) and N e Mod(A®C op ), then M ®a N carries a canonical 
B, C-bimodule structure by b ■ (m (§3 n) ■ c := (b ■ m) (g) (n ■ c) for all b G B, c G C, 
m G M, n e N. Thus we get a bifunctor 

® A : Mod(B <g> ^l op ) x Mod{A ® C op ) Mod(B ® C op ). 

Adjoint associativity (5) generalises to natural bornological isomorphisms 

Uom B , c {M ® A N, X) = Rom A ,c{N, Horns (M, X j) 

S Hom s , A (M, Hom c (JV, A)) 

for M Go Mod(B ® A op ), N Go Mod (A ® C op ), A Go Mod(B ® C op ). The 
proof of (5) identifies all three spaces with the space of bounded bilinear maps 
/ : M x A^ — > X that satisfy f(b-m-a,n-c) = b- /(m, a • n) • c for all 6 G B, m G M, 
a G A, n G A, c G C. Equations (2) and (4) imply 

Hom A (0 M u H N 3 ) = [] Ho mj4 (Af 4 , Nj), 

(6) * 5 *' j 

(0 Mi) ® ^ (0 a;, ) " Mi ® A Nj . 

i 3 i,j 

2.4. Exact category structure. In order to do homological algebra we need ex- 
tensions. There is a maximal class of possible extensions in any additive category: 
a diagram K A E Q with poi = is called an extension if i is a kernel of p and p 
is a cokernel of i. In our case, this simply means that the maps K — ► i{K) and 
E/i(K) — ► Q are bornological isomorphisms with respect to the subspace bornology 
on i(AT) and the quotient bornology on E/i(K). The notion of an exact category 
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formalises the properties that a class of extensions should have. One can show 
that Mod (A) with the class of all extensions as defined above is an exact category. 
However, in most applications and, in particular, in this article, we use a much 
smaller class of extensions. An extension is called linearly split if there exists a 
bounded linear map s: Q — > E such that ps = idQ . Equivalently, the forgetful 
functor Mod ( A) — > Bor maps K >—> E -» Q to a direct sum extension in Bor. We 
always choose this class of extensions in the following. 

Proposition 1. The additive category Mod (A) with the class of linearly split ex- 
tensions is an exact category in the sense of Daniel Quillen. Moreover, Mod ( A) is 
complete and cocomplete. 

Proof. It is straightforward to verify that Mod (A) satisfies the axioms for an exact 
category in [11, 12]. Completeness and cocompleteness mean that there are arbitrary 
direct and inverse limits. This follows from the existence of kernels, cokernels, direct 
sums, and direct products. □ 

Although trivial, Proposition 1 is important because many definitions and theo- 
rems that are familiar from Abelian categories still work in complete and cocomplete 
exact categories. 

We use the following notation from [11]. The special extensions K A E Q 
that are part of the exact category structure are called conflations; the maps i in 
conflations are called inflations, the maps p in conflations are called deflations. In 
Mod (A), conflations are linearly split extensions, inflations are linearly split born- 
ological embeddings, and deflations are linearly split bornological quotient maps. 

Choosing a smaller class of extensions corresponds to doing relative homological 
algebra. In our case, we work relative to the forgetful functor Mod (A) — > Bor, 
that is, we do homological algebra relative to the pure analysis that occurs in the 
category Bor. This explains why the bornology creates no problems in the following 
algebraic constructions. 

2.5. Free and cofree modules. There is a natural isomorphism 

(7) Hom A (A, M) = M, f » /(l), 

for any left or right bornological A-module M. Together with (5) this yields natural 
bornological isomorphisms 

(8) A (8>a M = M, 

(9) N (£)a A = N, 

(10) Rom A (A® V,M) = Hom(V,M), 

(11) Rom A (M, Rom(A, V)) Hom(M, V) 

for any M Go Mod(A), N e Mod(A op ), V <E Bor. Of course, it is easy enough to 
prove (8)-(ll) directly. We call modules of the form A®V free, those of the form 
Hom(A, V) cofree. Equations (10)-(11) mean that the constructions of free and 
cofree modules are left and right adjoints of the forgetful functor Mod (A) — > Bor. 

Lemma 2. Let K >— ► E -» Q be a conflation in Mod (A), let F be a free module 
and C a cofree module. Then 

-> Hom/i (F, K) -> Hom^i [F, E) Hohia (F, Q) -> 0, 

-► Rom A (Q, C) -» Yiom A (E, C) -► Hom A (X, C) -> 

are conflations in Bor and a fortiori exact sequences of vector spaces. 



Proof. The assertion follows immediately from (10) and (11). 



□ 
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An object P of an exact category £ is called projective if the covariant functor 
Homc(P, u) is exact on conflations, injective if the contravariant functor Homc(u, I) 
is exact on conflations. Thus Lemma 2 implies that free modules are projective and 
cofree modules are injective in Mod (A). We say that an exact category has enough 
projectives if any object X admits a deflation P — > X with projective P. Dually, it 
has enough injectives if any object X admits an inflation X — > / with injective I. 

Proposition 3. The exact category Mod(A) has enough projectives and injectives. 

Proof. The map A <g> M M, a ® m i— ► a • m, is a deflation because it has the 
bounded linear section m i— > 1 ® m. Its source is free and hence projective by 
Lemma 2. Thus Mod(A) has enough projectives. The map M A Uom(A,M), 
i(m)(a) := a-m, is an inflation because it has the bounded linear section / ^ /(l). 
Its range is cofree and hence injective by Lemma 2. □ 

3. Derived categories of bornological modules 

3.1. Chain complexes of bornological modules. A chain complex over Mod(A) 
is given by M — (M m , 5^ ) m gz, where the M m are bornological left ^4-modules and 
the boundary maps 6^ ■ M m — > M m _\ are bounded left A-module homomorphisms 
satisfying 6% ° <5^f +1 = for all m € Z. We do not require chain complexes to 
be bounded below or above. This has the advantage that the category of chain 
complexes is still complete and cocomplete. 

We can also extend the functors Honm and C§U to the level of chain complexes. 
Let M = (M m , 5^ )mez and = (A^ m ,<5^)) mG z be two chain complexes over 
Mod (A). Let 

Hom A (M,A0„ := J| Hom A (Mj , N n+j ) . 

Together with the boundary maps <5(/) — S N o f + (—1)1-^1/ o 5 M , where |/| is the 
degree of /, this defines a chain complex of bornological vector spaces. Let M 
and N be chain complexes over Mod( J 4 op ) and Mod (A), respectively. Then 

(M ® A N) n := M p ® A N q 

p+q=n 

with boundary map S = S M (E)a id ± id (£)a S n with appropriate signs defines a 
chain complex M (§u N over Bor. If M and A^ are chain complexes of bornological 
A, £?-bimodules and A, C-bimodules, respectively, then Hom J 4(M, N) is a chain 
complex of bornological B, C-bimodules in a canonical way. If M and A^ are chain 
complexes of bornological B, A-bimodules and A, C-bimodules, respectively, then 
M ®a N becomes a chain complex of bornological B, C-bimodules. There are 
natural isomorphisms of bornological chain complexes 

Hom B!C (M ® A N, X) = YLoTn A ,c(N, Horns (M, X)) 

( U 1 = Hom BiA (M, Hom c (AT, X)) 

if M, N, and X are chain complexes over Mod(B ® A op ), Mod(A ® C op ), and 
Mod(i? ® C op ), respectively. This follows easily from the corresponding assertion 
for modules in (5) and (6). Of course, (6) remains valid for chain complexes. 

3.2. The homotopy category of chain complexes. We let Ho(A) be the cat- 
egory whose objects are the chain complexes over Mod(A) and whose morphisms 
are given by Ho A (M,N) := H (Hom A (M, N)). That is, Ho A (M,N) is the space 
of homotopy classes of chain maps, where chain maps and homotopies are required 
to be bounded and ^4-linear. This is the homotopy category of chain complexes 
over Mod (A). The homotopy category Ho(£) can be constructed over any additive 
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category C It is well-known that Ho(£) is a triangulated category if € is Abel- 
ian. In fact, the axioms of a triangulated category were introduced by Jean-Louis 
Verdier with the purpose of formalising some properties of Ho(£) that are needed 
to construct derived categories. We briefly recall the definition of the translation 
automorphism and the class of exact triangles in Ho(£). 

The translation automorphism E: Ho(£) — > Ho(£) is defined by (EM) m := 
Mm-x, S m M = -<5*f_i, and (E/) m = f m -i for a chain map /: M -> TV. The map- 
ping cone cone(/) of a chain map /: M — > TV is defined by cone(/) m := (TV©EM) m 
with boundary map 

cconc(/) _ [S N f \ 
d - { <5 SM ) 

By construction, it fits into an extension of chain complexes TV —> cone(/) — > EM, 
which splits if we disregard the boundary map. The resulting sequence of maps 

M TV -> cone(/) EM 

is called a mapping cone triangle. A morphism of triangles is a triple of maps 
(/i, v, 7) giving rise to a commuting diagram 

M *- TV > C *- EM 





u 


7 




\ 









M' > TV' C" ^ EM'. 



This morphism is an isomorphism if /x, v, and 7 are invertible. A triangle in Ho(£) 
is called exact if it is isomorphic to a mapping cone triangle. 

A triangulated category is an additive category together with a translation au- 
tomorphism and a class of exact triangles satisfying some axioms (see [23,28]). The 
axioms of a triangulated category were invented to hold if € is an Abelian category. 
Since all the definitions above only need € to be additive, it is not surprising that 
the axioms still hold if £ is just an additive category. This is routine to verify. A 
detailed account can be found in [24]. Readers with some background in operator 
algebra K-theory may also profit from reading the relevant sections in [20]. 

Proposition 4. The category Ho(A) is a triangulated category in which every set 
of objects has a direct sum and a direct product. 

Proof. We have explained above why Ho(A) is a triangulated category. Direct sums 
and products are easy to get: simply construct them in each degree separately and 
check that this has the required universal property. □ 

Let F: Mod(A) — ► Mod(£?) be an additive functor, where B is another bornolog- 
ical unital algebra. Applying F to each entry of a chain complex, we get a functor 
F: Ho(A) — ► V\o{B). It is triangulated because it commutes with the translation 
automorphism and the mapping cone construction. 

Let Ho := Ho(Bor) be the homotopy category of bornological chain complexes. 
Recall that op denotes opposite categories and algebras. 

Lemma 5. The bifunctors 

HoniA : Ho(A <§> B op ) op x Ho(A ® C op ) -» Ho(B ® C op ), 

® A : Ho(B ® A op ) x Ho(A <§> C op ) -» Ho(B ® C op ) 

are triangulated functors in both variables and satisfy 

Ho mj4 (0 M u H Nj) S J] Rom A (M t , TV,), M t ® A TV, -Qm^ TV,"- 
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Proof. It is easy to see that Horrid (M, N) and M <&a N are functorial for bounded 
A-linear chain maps and homotopies in each variable. If we fix one variable, then 
the resulting one variable functor Hoku or (gu commutes with the translation 
automorphisms and the mapping cone construction. Therefore, it is triangulated. 
The last assertion is obvious. □ 

The following result is inspired by ideas of Marcel Bokstedt and Amnon Nee- 
man [1] . It allows us to reduce assertions about chain complexes to assertions about 
modules. As usual, we embed Mod(A) C Ho(A) by sending a module to a chain 
complex concentrated in degree 0. This is a fully faithful embedding. 

Proposition 6. Let 1 C Ho(^4) be a triangulated subcategory that contains Mod(A). 
7/T is closed under direct sums or under direct products, then 1 = Ho(A). 

We may say, therefore, that Ho(A) is generated and cogenerated by the sub- 
category Mod (A). More generally, if £ is any additive category, we may embed 
€ — > Ho(£) as above. Let 1 C Ho(ff) be a triangulated subcategory that con- 
tains €. The following proof still works in this more general situation. We get 
1 = Ho(<£) if 1 is closed under countable direct sums and € has kernels and count- 
able direct sums or, dually, if T is closed under countable direct products and € 
has quotients and countable direct products. 

Proof. First we prove that X contains all bounded chain complexes. We do this 
by induction on the length of the chain complex. Chain complexes of length 1 are 
all obtained by applying a power of the translation automorphism to a complex 
concentrated in degree 0. Hence 1 contains all complexes of length 1. Consider 
some chain complex M of length n, say, M m+ „_i M m . There is an exact 

triangle involving M, the truncated complex M TO+ „_i —►•■■—> M TO+ i, and M m 
viewed as a complex concentrated in degree to. The last two belong to 1 by the 
induction hypothesis. Since 1 is triangulated, M belongs to T as well. Thus T 
contains all bounded chain complexes. 

It remains to extend this to unbounded chain complexes. Here we need the 
hypothesis on direct sums or products. Suppose first that 1 is closed under di- 
rect sums. Let M = (M n ,8 n ) be a possibly unbounded chain complex in Ho(A). 
Truncating it, we obtain an inductive system of subcomplexes (FnM) of the form 

-> M n M„_i > M_ n+ i -> ker<5_„ -> 0. 

Evidently, the original complex M is the direct limit of these subcomplexes. Even 
more, the map (J) T n M — > M has an evident bounded linear section. This implies 
that M is also equal to the homotopy direct limit of the inductive system (TnM). 
That is, it fits into an exact triangle EM — > ©f„M — > ©f„M — > M. Since 
FnM is bounded for all n G N, we already know T n M el If 1 is triangulated 
and closed under direct sums, we obtain M <E T as well. 

A dual argument works if 1 is closed under products. Now we consider a pro- 
jective system of quotient complexes (PM) of M of the form 

— > cokcr(5 n+ i -» M n _i -» ► Af_„ -> 0. 

The original complex M is the inverse limit of these quotient complexes. Since the 
map M — ► J|JT"M has an evident bounded linear section, M is also a homotopy 
inverse limit of (f"M). Now proceed as above. □ 

3.3. Exact chain complexes. Let € be an exact category, for instance, Mod (A). 
A chain complex (M, 8) over €. is exact in degree to if ker(5 m : M m — > M m _i) 
exists and S m +i- M m+ i — > kcr<5 m is a deflation (see [12]). Equivalently, ker5 m 

and ker<5 m +i exist and ker5 TO+ i M m+ \ ker<5 m is a conflation. A chain 
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complex is called exact if it is exact in degree m for all m G Z. A morphism 
/ : M — > N is called a quasi-isomorphism if its mapping cone is exact in the above 
sense. In the case of Ho(A), a chain complex of bornological left A-modules is exact 
in degree m if and only if there exists a bounded, linear, not necessarily A-linear 
map a: ker<5 m — > M m+ i with 5 m +\o = id. It is exact if and only if there is a 
bounded linear contracting homotopy. A chain map is a quasi-isomorphism if and 
only if the forgetful functor maps it to an isomorphism in Ho. 

Proposition 7. The subcategory of exact chain complexes Exact(A) C Ho(A) is a 
thick, triangulated subcategory that is closed under direct sums and products. 

Proof. This is proved in great generality in [22]. The only hypothesis needed for 
Exact(<£) C Ho(<£) to be thick and triangulated is that idempotent morphisms in <£ 
should split, that is, have a kernel and a range object. The assertion about direct 
sums and products follows easily if the class of conflations is closed under direct 
sums and products. □ 

We call M Go Ho(A) projective if Ho A (M, N) = for all exact chain com- 
plexes N (see [12]). The projectives form a triangulated subcategory of Ho(A) 
that is closed under direct sums. A projective approximation of M Go Ho(A) is a 
quasi-isomorphism / : P — > M with projective P. 

Proposition 8. Let £ be an exact category with split idempotents. Projective ap- 
proximations in Ho(£) are unique up to isomorphism if they exist. The subcate- 
gory 1 C Ho(£) of objects that admit a projective approximation is triangulated, 
and the construction of projective approximations defines a triangulated functor 
P: Ho(£). The same assertions hold for injective approximations. 

Proof. This is well-known. See [20, Proposition 2.4] for a quick proof from the 
axioms of a triangulated category. There it is assumed that 1 — Ho(£). It is easy 
to see that we still get the assertions above without this requirement. □ 

Proposition 9. The category Ho(A) has enough projectives and injectives. 

There are triangulated functors P,I: Ho(£) — > Ho(£) and natural transforma- 
tions P{M) — > M — > I(M) such that P{M) — ► M is a projective approximation 
and M — > I(M) is an injective approximation for each M Go Ho(A). The projec- 
tive approximation functor commutes with direct sums, the injective approximation 
functor commutes with direct products. 

Proof. We only prove the existence of projective approximations. The injective 
case is similar. Let 1 C Ho(yl) be the subcategory of objects that have a pro- 
jective approximation. It is evidently closed under direct sums and under the 
translation automorphism, and it is triangulated by Proposition 8. Proposition 6 
yields that T = Ho(A) once 1 contains Mod (A). Therefore, it suffices to construct 
projective approximations for objects of Mod (A). Using that Mod (A) has enough 
projectives (Proposition 3), we construct a "projective resolution" P. — * M for any 
M Go Mod (A). Viewed as a chain map P, — > M, this is a quasi-isomorphism 
because it is a resolution. It is easy to see that a bounded below chain complex 
of projective modules is projective. It follows from Proposition 8 that the con- 
struction is functorial and defines a triangulated functor. It clearly commutes with 
direct sums. □ 

3.4. The derived category. The derived category of Mod(A) is defined as the 
localisation of Ho(j4) at the subcategory Exact(A) of exact chain complexes. Since 
there are enough projectives and injectives, this localisation is easy to describe 
explicitly. It has the same objects as Ho(A) and morphisms 

Der A (M,N) = Ho A (P(M),N) = Ho A (P(M), I(N)) = Ho A (M,I(N)). 
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Here P and I are the projective and injective approximation functors. The projec- 
tive and injective approximation functors on Ho(A) descend to triangulated functors 
P,I: Der(A) — ► Ho(A). Their ranges are the subcategories of projectives and in- 
jectives, respectively. These subcategories of Ho(A) are equivalent to Der(A) as 
triangulated categories (see [20, Proposition 2.4]). 

Proposition 10. Let X C Der(A) be a triangulated subcategory. Then 1 = Ho(^4) 
provided T contains all free modules and is closed under direct sums or T contains 
all cofree modules and is closed under direct products. 

Proof. Suppose that T contains free modules and is closed under direct sums. The 
other case is proved dually. As in the proof of Proposition 6, one shows that T 
contains all bounded below chain complexes of free modules. The freeness of the 
entries of the chain complex is not affected by our truncations because we only have 
to truncate above. Hence T contains a free resolution for any M Go Mod (A). Since 
this free resolution becomes isomorphic to M in Der(A), we get Mod (A) C X. Now 
the assertion follows from Proposition 6. □ 

Let F: Ho(A) — ► Ho(B) be a covariant or contravariant triangulated functor. 
We may get such functors by extending an additive functor Mod(A) — > Mod(B). 
Applying F to projective or injective approximations, we get the left and right 
(total) derived functors of F, which are denoted LP and M.F. By convention, 
LF(M) := F o P(M) and RF(M) := F o I(M) if F is covariant, and LF(M) := 
F o I(M) and RF(M) := F o P(M) if F is contravariant. The natural maps 
P(M) -> M -> I(M) induce natural transformations LF(M) -> F(M) -> KF(M) 
in both cases. By construction, the functors LP and KF descend to triangulated 
functors LF,RF: Der(A) Ho(B). 

Proposition 11. Let F: Mod(j4) — ► Mod(i?) be a functor that commutes with 
direct sums and preserves projectives. Then the extended functor F : Ho(A) — ► 
Ho(B) also preserves projectives. 

Let F: Mod(A) — > Mod(S) be a functor that commutes with direct products and 
preserves injectives. Then the extended functor F : Ho(A) — > Ho(B) also preserves 
injectives. 

Proof. The subcategory of projectives M Go Ho(A) for which F(M) is again pro- 
jective is a triangulated subcategory closed under direct sums. By hypothesis, it 
contains all projective modules. As in the proof of Proposition 10, this implies that 
it contains all projective chain complexes. The proof for injectives is dual. □ 

3.5. Derived adjoint associativity. We now derive the bifunctors Hom^M, TV) 
and M ®a N of Lemma 5. 

Lemma 12. For any M,N Go Ho(A), the natural maps 

Hom A (P(M), N) Hom A (P(M), I(N)) <- Hom A (M, I(N)) 
are chain homotopy equivalences, that is, isomorphisms in Ho. Similarly, 

P{M) ® A N^ P(M) ®a P(N) ^M® a P(N) 
in Ho for all M Go Ho(A°p), N Go Ho(A). 

Proof. We only prove that the map Hom A (P(M), N) -> Horn A (P(M), I (N)) is a 
chain homotopy equivalence. The other cases are similar. Let F be a free born- 
ological left A-module and let E Go Ho(^4) be exact. Then the chain complex 
Hom^(F, E) has a bounded contracting homotopy by Lemma 2. An exact sequence 
argument shows that the map Hom^F, N) — ► Hom^F, I(N)) is an isomorphism 
in Ho because the mapping cone of N — ► I(N) is exact and the functor Hom^F, u) 
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is triangulated. Thus the assertion holds if M is a free module. Let 1 be the class 
of objects M for which the assertion holds for all N Go Ho(A). Since our assertion 
only depends on P(M), we may view this as a subcategory of Der(A). It is tri- 
angulated and closed under direct sums by the properties of P and HomA(u, N). 
Hence the assertion follows from Proposition 10 and the special case of free modules 
treated above. □ 

Therefore, we may define covariant bifunctors 

RHonu : Der(A <g> 5° p )° p x Der(^ ® C op ) -> Ho(P <g> C op ) -» Der(B ® C op ), 
(gi^ : Der(B ® ,4 op ) x Der(A <g> C op ) Ho(P ® C op ) -» Der(B <g> C op ) 

by 

RHom A (M,A0 := Hom A (P(M), AT) = Hom A (P(M), /(AT)) S Hom^M, I(N)), 

M® A N := P(M) ®a A^ = P(M) <gu P(JV) = M ®a P(JV). 

They are triangulated in each variable and still satisfy the assertions about direct 
sums and products in Lemma 5. They also satisfy adjoint associativity, that is, 
there are natural isomorphisms (in Ho) 

R Hom B , c (M ®2 N , x ) - K Ho mi , c (N, R Hom B (M, X)) 
= RRom BA (M,RRomc(N,X)) 

for M Go Der(B <g> A op ), A^ Go Der(,4 ® C op ), X Gq Der(B <g> C op ). For the proof, 
rewrite these chain complexes as RHoniB i o(P(M) ® A P(N),X), 

Uom AiC (P(N), Horns (P(M), X)), Hom s , A (P(M), Hom c (P(AT), X)) 

with projective approximations P(M) — > M and P(AT) — ► AT in Ho(P ® A op ) and 
Ho(A(g)C op ), respectively. Thus (13) follows from (12) provided P(M)® A P(N) Go 
Ho(B <g> C op ) is projective. This is evident for free modules and follows in general 
from a by now familiar abstract nonsense argument involving Proposition 10. 

3.6. Extension theory. Compose the embedding Mod(A) — > Ho(A) with the 
canonical functor Ho(j4) — > Der(A) to get a functor Mod(A) — > Der(A). This func- 
tor is still fully faithful because Der A {M,N) = Hom A (P(M), N) ^ Uom A (M,N) 
if A^ is a chain complex concentrated in degree 0. The spaces 

Ext A (M, N) := Der A (M,Y, n N) 

are of special importance. They clearly vanish if n < 0. These extension groups 
retain all the well-known properties in the case of Abelian categories. Namely, 
if K >— ► E -» Q is a conflation in Mod (A), then there are associated long exact 
sequences in Ext^ in both variables. There is an associative cup product 

Ext A (M,N) x Ext™(L,M) ^ Der A (Y, m M, Y, n+m N) x Der A (L, T, m M) 

-► Der A (i,S m+I W) ^ Ext™+"(i, AT) 

for all L, M, N Go Mod (A), n, m G N. 

There is an alternative description of Ext^(M, N) by equivalence classes of n-step 
conflations of M by JV as in classical Yoneda theory. In particular, Ext^(M, AT) is 
the space of all isomorphism classes of conflations N >— » E -» M, where isomor- 
phism means that there is an isomorphism E = E' that induces the identity maps 
on AT and M. All this holds in any exact category with split idempotents. It is 
easy to prove for Mod (A) because there are enough projectives and injectives. 



EMBEDDINGS OF DERIVED CATEGORIES OF BORNOLOGICAL MODULES 15 
4. QUASI-UNITAL ALGEBRAS AND ESSENTIAL MODULES 

In this section we treat bornological algebras that do not necessarily possess a 
unit element. We let A + be the bornological algebra that we get by adjoining a 
new unit element to A. Thus A + := A © C • 1 as a bornological vector space. 
If A — ► End(M) defines a (possibly non-unital) module over A, then the unique 
unital extension A + — > End(M) defines a unital module over A + . As a result, the 
category of non-unital left bornological A- modules is isomorphic to Mod(A + ). If we 
define Hom^ and ® A in the obvious fashion, then Hom^M, N) = H01114+ (M, TV) 
and M ® A N = M ® A + N. Hence all the constructions of the previous sections 
apply to categories of non-unital modules without any change. The only point 
where we have to be careful is that the free and cofree modules are now A + ® X 
and Hom(A + , X). In general, A is not projective as a left or right A-module. 

It is often desirable to work with a subcategory of essential modules Mod (A) C 
Mod(j4 + ). For instance, let G be a locally compact group and let T)(G) be the 
convolution algebra of smooth, compactly supported functions on G. The category 
Mod(£>(G)) is identified in [17] with the category of smooth representations of G 
on bornological vector spaces. In this section, we describe in general under what 
assumptions on A a category of essential modules can be defined, and we discuss 
some constructions with essential modules. The main ideas for this are already 
contained in [17]. Then we introduce morphisms between quasi-unital algebras and 
study the functors on module categories and derived categories they induce. 

4.1. Basic definitions. 

Definition 13 ([17]). A bornological algebra A has an approximate identity if for 
any bounded subset S C A there is a sequence (u n ) in A such that the sequences 
u n ■ x and x ■ u n converge to x uniformly for x £ S. This means that the sequences 
convergence uniformly in the usual sense in the Banach space At for some complete 
bounded disk T C A depending only on S. 

Definition 14. A bornological algebra A is called quasi-unital if it has an approx- 
imate identity and if A is projective both as a left and a right A-module. 

Projectivity means that there exist a bounded left A-module homomorphism 
I : A — > A + <g> A and a bounded right A-module homomorphism r : A — > A ® A + 
that are sections for the multiplication maps. Since any element a G A can be 
written as limu„ • a for some approximate unit (u n ), we have 1(a) = limu„ • 1(a). 
Therefore, the range of I is contained in A <g> A C A + C§) A. The same argument 
shows that r maps into A ® A. 

Lemma 15 ([17, Lemma 4.4]). Let A be a quasi-unital algebra and let M be a 
bornological left A-module. Then the natural map A (£ia M — ► A + ®a M = M is 
always injective. 

The following proposition is related to [17, Proposition 4.7]. 

Proposition 16. Let A be a quasi-unital algebra, let M be a bornological left 
A-module, and define [i: A <£> M — -> M by fi(a (g> m) :— am. Then the following 
conditions are equivalent: 

16.1. /U: A® M — > M is a bornological quotient map; 

16.2. /U: A® M — > M has a bounded linear section; 

16.3. the map /U* : A ®a M — > M induced by [i is a bornological isomorphism. 

Proof. Since n(aia2®m) = n(ai®a2,m), it induces a map /it* : A®aM — > M, which 
is injective by Lemma 15. Hence it is a bornological isomorphism if and only if it 
is a bornological quotient map. This is equivalent to n itself being a bornological 
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quotient map because A®M — > A® A M is a bornological quotient map. Thus 16.1 
and 16.3 are equivalent. Trivially, 16.2 implies 16.1. Conversely, the right module 
map r : A — > A ® A induces a map 



Definition 17. We call a module M over a quasi-unital algebra essential if it 
satisfies the equivalent conditions of Proposition 16. We let Mod(A) C Mod(A + ) 
be the full subcategory of essential modules. 

Example 18. Unital algebras are quasi-unital. The unit is an approximate identity, 
and we can take r(a) = 1 ® a and 1(a) := a ® 1. An A-module is essential if and 
only if it is unital. Thus our notation is compatible with our previous definitions 
for unital algebras. 

Example 19. Let M be a smooth manifold and let V(M) be the algebra of smooth 
functions on M with compact support and with the pointwise multiplication. This 
algebra is quasi-unital. There is a sequence (4> n )n&i in V(M) with <fin = 1- Then 
u n := X)m<n ls an approximate identity in V(M) and we can take 



A P(M)-module M is essential if and only if for any bounded subset S C M there 
is n G N with u n ■ m = m for all m e S. 

Example 20. The convolution algebra T)(G) for a locally compact group G is quasi- 
unital. The category Mod (25(G)) is isomorphic to the category of smooth represen- 
tations of G on bornological vector spaces ([17]). 

4.2. Smoothening and roughening functors. 

Definition 21. Let A be a quasi-unital algebra. The smoothening functor and the 
roughening functor for A are defined by 

Ess = Ess A : Mod(A+) -> Mod(A+), M ^ A® A M, 

Rgh = Rgh A : Mod(A+) Mod(A+), M ^ Rom A (A, M). 

Theorem 22. The functor Ess is an idempotent functor from Mod(A + ) onto the 
full subcategory Mod (A). We have a natural bornological isomorphism 

Honu(M,EssA) Honu(M, A) MM E Mod(A), A Eo Mod(A+). 

As a consequence, Ess: Mod(A + ) — » Mod(A) is rig/ii adjoint to the embedding 
functor Mod(A) -> Mod(A+). 

When viewed as functors on Mod(A + ), the functors Ess and Rgh satisfy 

Ess 2 ~ Ess, Rgh 2 = Rgh, Ess o Rgh = Ess, Rgh o Ess ^ Rgh . 

There is a natural isomorphism 

Hom J 4(Ess(M), A) = Hom A (M, Rgh(A)) 

for all M,N Go Mod(A + ), so that Ess is left adjoint to Rgh. 

Proof. The multiplication map ^4(23^4 — ► A has a bounded linear section because A is 
quasi-unital. Hence A%) A A = A by Proposition 16. Since the balanced tensor prod- 
uct is associative, this means that Ess is idempotent. By definition, Ess(M) = M 
if and only if M is essential. Thus Ess is a projection from Mod(A+) onto Mod (A). 
The map Ess(A) — > A is bounded and injective for all A by Lemma 15. Therefore, 
the induced map Hom^M, Ess(A)) — > Hom^M, A) is bounded and injective as 



r : A ®a M A®A® A M 
such that pr' = /i*. Hence 16.3 implies 16.2. 



□ 
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well. If M is essential, then the natural map Ess(M) — > M is a bornological iso- 
morphism. Since smoothening is functorial, any map M — > N restricts to a map 
M = Ess(M) — > Ess(iV). This provides a bounded section for the bounded injective 
map above, so that Hom^tM, Ess(iV)) = Rom A (M,N). 

Adjoint associativity (5) implies Hom^(Ess(M), N) = Hom j4 (M, Rgh(iV)) for all 
M,N Go Mod(A+). We already observed above that Ess 2 = Ess. By adjointness, 
this implies Rgh 2 = Rgh. Adjointness assertions also yield 

Uom A (M, Rgh Ess N) Hom A (Ess M, Ess N) 

^ Hom A (EssM, N) Hom A (M, Rgh N) 

for all M,N e Mod(A+). Hence RghEss = Rgh. Finally, If M e Mod (A), 
N E Mod(,4 + ), then 

Hom^ (M, Ess Rgh N) Hom^ (M, Rgh N) = Hom A (Ess M, N) 

^ Hom A (M, N) ^ Hom A (M, Ess TV). 

Since both Ess Rgh N and Ess N belong to Mod(A), this implies Ess Rgh = Ess. □ 

Corollary 23. The smoothening functor Ess: Mod(A+) — > Mod(j4 + ) is exact and 
preserves projectives, and it commutes with arbitrary direct limits in the category 
Mod(A+). 

Proof. The functors Rgh and Ess are exact on Mod(A + ) because A is projective as 
a right ^-module. Since the right adjoint Rgh of Ess is exact, Ess maps projectives 
in Mod(A + ) to projectives in Mod(A + ). Furthermore, Ess commutes with direct 
limits in Mod(A + ) because it has a right adjoint. □ 

Theorem 24. The subcategory Mod(A) C Mod(A + ) is exact and hereditary for 
subspaces and quotients. That is, if K >— > E -» Q is a conflation in Mod(^4 + ), 
then E is essential if and only if K and Q are both essential. 

Proof. Let K >— ► E -» Q be a conflation in Mod(A + ). Since smoothening is exact, 
the rows in the commuting diagram 

Ess K >- Ess E >■ Ess Q 

\ 

K *E >■ Q 

are conflations. Suppose first that E is essential. It is easy to see that quotients of 
essential modules are again essential. Hence the maps Essi? — ► E and EssQ — > Q 
are isomorphisms by Theorem 22. It follows that the map Ess K — > K is an 
isomorphism as well, that is, K is essential. Thus Mod(j4) is hereditary for sub- 
spaces and quotients. Suppose conversely that K and Q are essential. Then the 
maps Ess if — > K and EssQ — ► Q are isomorphisms. This implies that the map 
Essi? — > E is an isomorphism by the Five Lemma. Thus E is essential. □ 

4.3. Derived categories of essential modules. 

Theorem 25. Let A be a quasi-unital bornological algebra. The category Mod(A) 
of essential bornological left A-modules with the class of linearly split extensions is 
a complete, cocomplete exact category. It has enough projectives and injectives. 

The embedding Mod(j4) — ► Mod(A + ) is exact, preserves projectives, and com- 
mutes with direct limits and finite inverse limits. 
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Proof. The category Mod (A) is an exact subcategory of Mod(j4 + ) by Theorem 24 
(that is, it is closed under extensions) and hence an exact category in its own right. 
We already know that Mod(A + ) is complete and cocomplete. The subcategory 
Mod (A) is evidently closed under direct sums in Mod(A + ). It is also hereditary for 
subspaces and quotients by Theorem 24. Therefore, Mod (A) is closed under arbi- 
trary direct limits and finite inverse limits. The inverse limit limM G Mod(A + ) of 
a diagram M in Mod(A) need not belong to Mod(A) any more. However, EsslimM 
has the right universal property for an inverse limit in the subcategory Mod (A) by 
Theorem 22. Hence Mod (A) is still a complete, cocomplete exact category and the 
embedding into Mod(A + ) commutes with direct limits and finite inverse limits, but 
not necessarily with infinite inverse limits. 

Since Mod(A + ) has enough projectives and injectives, any M Go Mod(A) has a 
projective resolution P -» M and an injective coresolution M >— > I in Mod(A + ). By 
Corollary 23, EssP -» M is a projective resolution in Mod (A). Even more, EssP 
is still projective in Mod(j4 + ). Therefore, Mod(A) has enough projectives and 
the embedding into Mod(A + ) preserves projectives. Since Ess is right adjoint to an 
exact functor, it maps injectives in Mod(A+) to injectives in Mod(A) (however, these 
need not be injective in Mod(j4 + ) any more). Since Ess is also exact, M Ess / is 
an injective coresolution of M in Mod(j4). Hence Mod(A) has enough injectives. □ 

Let R C Mod(A + ) be the subcategory of rough modules. Then Ess: R — ► 
Mod(A) and Rgh: Mod(A) — > R are isomorphisms of exact categories. Hence there 
is no need to study the category of rough modules. 

We let Ho(A) be the homotopy category of unbounded chain complexes over 
Mod(A). Let Exact(A) C Ho(A) be the subcategory of exact chain complexes and 
let Der(A) be the localisation of Ho(A) at Exact(A). Theorem 25 allows to extend 
the assertions about Ho(A) and Der(A) for unital A in Section 3 to the case of 
quasi-unital A. That is, Ho (A) is still a triangulated category with direct sums 
and products, and Exact(A) is a localising subcategory. The category Ho(A) has 
enough projectives and injectives, and projective and injective approximations are 
functorial. Analogues of Propositions 6 and 10 also hold, if we replace free and 
cofree modules in the statement of Proposition 10 by the special projective and 
injective modules of the form A® X and EssHom(A, X). 

Since we can find projective resolutions in the category Mod(j4 + ) that lie in the 
subcategory Mod (A), the natural map Der(A) — ► Der(A+) is fully faithful. Since 
Ess and Rgh are exact functors, they give rise to triangulated functors on Ho(A + ) 
and Der(A + ). All the assertions of Theorem 22 remain valid in these categories. 

We can modify the statement of adjoint associativity so that all involved objects 
again belong to the appropriate derived categories of essential modules. One checks 
easily that M ®a N is an essential B, C-bimodule if M and N are essential B, A- 
and A, C-bimodules. This implies the corresponding assertion for chain complexes 
and hence for M (E> A N. Using the properties of the smoothening, we easily get 

R Hom BiC (M ®a N, X) = MHom A , c (Ar, Ess A ^ c „ P M Hom B (M,X)) 
= m.Kom B , A (M,~Ess BltAap RKom c (N,X)) 

for all M Go Der(B <g> A°p), N Go Der(A <g C op ), X Go Der(S <g> C op ). 

4.4. Multiplier algebras and Morita equivalence. Let A be a quasi-unital 
bornological algebra. The left and right multiplier algebras Mi (A) and M r (A) are 
defined as the algebras of bounded right and left A-module homomorphisms A — > A, 
respectively. The multiplier algebra of A is the algebra of pairs (L, R) consisting of 
a left and a right multiplier, such that a-L(b) = R(a)-b for all a, b G A. It is a closed 
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unital subalgebra of Mi{A) © M r (A) op . There is a canonical map A — ► M(A), 
which is injective if A is quasi-unital (see also [17]). 

For example, if G is a Lie group, then the multiplier algebra of the convolution 
algebra V(G) is the algebra of compactly supported distributions on G ([17]). The 
multiplier algebra of V(M) with the pointwise multiplication is £(M), the space of 
smooth functions on M without support restriction. If A is unital, then A = A4(A). 

By definition, A is a A4i(A), A-bimodule. Hence Ess(M) := A® a M carries 
a canonical A^/(A)-module structure for any M Go Mod(A + ). Thus essential 
^-modules are at the same time also bornological unital .M;(A)-modules. Similarly, 
essential right A- modules are bornological unital .M r (A)-modules. Both kinds of 
modules are bornological unital modules over M.{A) and A4(A) op , respectively. 
Thus we get a functor E: Mod(A) — > Mod(M(A)). We also have a forgetful functor 
F: Mod(M(A)) -> Mod(A), M ^ A ® A M. One can show that A (gu M = 
A®M(A) M. 

Proposition 26. The functor E: Mod(A) — > Mod{M{A)) is left adjoint to the 
functor F: Mod(M(A)) — ► Mod (A). The functor E is exact, fully faithful, com- 
mutes with direct limits, and preserves projectives. The functor E: Der(A) — ► 
Der(A4(A)) obtained from E is also fully faithful. 

Proof. It is clear that E is fully faithful. The adjointness of E and F therefore 
follows from the universal property of the smoothening. The adjointness of E and F 
implies that E preserves projectives and commutes with direct limits because F is 
exact. Exactness of E is trivial and implies that E gives rise to a functor Der(A) — ► 
Der(M(A)). The latter is still fully faithful because E is fully faithful and preserves 
projectives. □ 

The above construction is not an equivalence of categories. For instance, M.{A) 
itself is not an essential A-module. We have Ess M{A) = A because 

Ess M(A) C Ess Mi{A) = EssRgh(,4) = A. 

One may wonder which category one should study, unital A^(A)-modules or 
essential A-modules. I prefer the latter setting. One reason for this is that M(A) 
can become rather unwieldy. This happens, for instance, if A = V{G) for a reductive 
group over the adele ring of Q. Moreover, some important Morita equivalences work 
for Mod(A) but not for Mod(M(A)). 

Let A and B be quasi-unital bornological algebras. A Morita equivalence between 
A and B is given by essential bimodules P <Eo Mod(A(g> B op ), Q <Eo Mod(B ® A op ) 
together with bounded bimodule isomorphisms P ®s Q — A, Q Cgu P = B, such 
that P is projective as a B-module and Q is projective as an A-module. 

Given such bimodules, we define functors M ^ P ®b M and M >—> Q ®a M 
between Mod (A) and Mod(_B). By hypothesis, these two functors are inverse to 
each other. Hence we get an equivalence of categories Mod (A) = Mod(_B). The 
projectivity hypothesis on P and Q ensures that these two functors are exact. 
It is conceivable that the projectivity of P and Q holds automatically. I have 
not seriously investigated Morita equivalence and present it here only to exhibit a 
problem with the category Mod(A4(A)). 

Consider the following rather simple example. Let A = C and let B the Banach 
algebra l\ (H) of trace class operators on a separable Hilbert space H. Equip £i(H) 
with the von Neumann homology. One can check that the Hilbert space H viewed 
as column and row vectors gives a Morita equivalence between C and ii(H) in 
the above sense. Hence the categories Mod(C) and Mod(^i(if)) are equivalent. 
The multiplier algebra of £i(H) is the algebra of all bounded operators on H. 
Its canonical homology is equal to the von Neumann homology coming from the 
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usual operator norm. The compact operators on H form a closed two-sided ideal 
in M(£i(H)). Since the ideal structure is an invariant under Morita equivalence, 
M(£i(H)) cannot be Morita equivalent to C. Hence the module categories Mod(C) 
and Mod(M(£i(H)j) are not equivalent. 

4.5. Morphisms between quasi-unital bornological algebras. Throughout 
this section, we let A and B be quasi-unital bornological algebras. A bounded homo- 
morphism / ' : A — > B can always be extended to a bounded unital homomorphism 
/+: A+ -> B+ and hence induces a functor /* := (/+)*: Mod(B+) -> Mod(A+). 
However, this functor need not map Mod(-B) into Mod(j4). A necessary condition 
for this is that f*(B) G Mod(A), that is, A ® A B = B. In the following, we 
frequently write B instead of f*(B) to avoid clutter. We call a bounded homomor- 
phism / : A — > B essential if B is an essential ^4-bimodule, that is, 

A ®a B ® A A A <gu B = B ®a B = B. 

More generally, we may consider a bounded algebra homomorphism / : A —* A4(B). 
This still allows us to view B as an A-bimodule. We call / a morphism and write 
/: A --■ > B if B is an essential A-bimodule. A morphism/: A --■» B is called proper 
if / is a bounded map A — > B. Notice that not all bounded algebra homomorphisms 
A — > B are proper morphisms in the above sense: we require, in addition, that B 
should be an essential A-bimodule. 

If A is unital, then a morphism /: A — » B is the same as a bounded unital 
algebra homomorphism A — > A4(B). Hence morphisms A --■> _B are the same as 
bounded unital algebra homomorphisms if both A and B are unital. 

Lemma 27. Any morphism /: ^4 --■» B extends uniquely to a bounded unital 
algebra homomorphism /: A4(A) — ► .M(-B). 

If f : A — > B and g: B — > C are morphisms, then go f: A — > M{B) — > .M(C) 
is a morphism A --■> C, denoted go f. The quasi-unital bornological algebras form 
a category with this composition of morphisms. 

Proof. Let /: A — > A4(-B) be a morphism. Since elements of the form a • 6 with a £ 
A, b <E B, span a dense subspace of -B, the extension / is unique if it exists. We can 
view B as a unital bimodule over A4(A) because it is an essential A-module. This 
defines a bounded unital algebra homomorphism / : M(A) —> M(B) extending /. 

To check that g o / is a morphism, we must show that C is an essential bimodule 
over A. Since / and g are morphisms, we get 

A ® A C ® A A = A ® A (B ® s C ®b B) ® A A 

= (A ® A B) ® B C ® B {B ® A A) ^ B ® B C ® B B = C 

as desired. It is easy to see that the composition of morphisms defined above gives 
rise to a category. □ 

We get a functor from the category of quasi-unital algebras to the category of 
unital algebras by sending A M(A), / /. This functor is faithful because 
the canonical map A — ► Ai(A) is injective for algebras with an approximate iden- 
tity. However, it is not fully faithful, that is, there are bounded unital algebra 
homomorphisms M(A) — > Ai(B) that do not come from a morphism A --■> B. 

The following lemma is useful to check that an algebra is quasi-unital. 

Lemma 28. Let f : A — > B be a bounded homomorphism between two bornological 
algebras. If A is quasi-unital and f*{B) is an essential A-bimodule, then B is also 
quasi-unital and f is a proper morphism A — > B. 
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Proof. Let S C B be bounded. There exist bounded disks Sa Q A and Sb C _B 
such that S C /(SU) • Sb • J(Sa) because the multiplication map A® B ® A — > B is 
supposed to be a bornological quotient map. Since A is quasi-unital, we can find a 
sequence (u n ) in A that acts as an approximate identity on Sa- Then f(u n ) serves 
as an approximate identity on /(Sa) ■ Sb ■ ./(Sa) and hence also on S. Thus B 
has an approximate identity. The right A-module section r : A — > A <g> A for the 
multiplication map induces a bounded right -B-module homomorphism 

r*: B A® A B A® A® A B A® B f ^ B B®B 
with [Ib ° ^* = ids. A left module section is constructed similarly. □ 

4.6. Functoriality of module categories and derived categories. We let 

/: A --■ » B be a morphism, described by a bounded algebra homomorphism 
/: A — ► A4(B). We may view B as a B, A-bimodule or as an A, B-bimodule 
via /. This yields four additive functors 

/, : Mod(A) -> Mod(S), /i(M) := B ® A M, 

/* : Mod(A) -» Mod(B), /*(M) := Ess B Hom A (B, M), 

/*: Mod(B) — > Mod(A), f*(M) := B ® B M, 

,/ ! : Mod(B) Mod(A), / ! (M) := Ess A Hom B (B, M). 

By the definition of essential modules, f*(M) is equal to M viewed as a left A-mod- 
ule via A — ► M{B) — > End(M), where the second map is the unique bounded 
extension of the B-module structure £? — ► End(M). 

Example 29. Let G be a locally compact group and let H C G be a closed subgroup. 
Then we get an induced homomorphism V{H) — ► X'(G) by sending / e f(B) to 
the multiplier of T>(G) associated to the compactly supported distribution ip \— ► 
/ ip(h)f(h)d\H(h) on G, where (iA// denotes a left invariant Haar measure on i?. 
This defines a morphism i%: V(H) —■> V(G). It is proper if and only if H is an 
open subgroup of G. The category Mod(£>(G)) is isomorphic to the category of 
smooth representations of G ([17]). Under this isomorphism, the functors 

and correspond to the restriction functor, the induction functor, and 

the compact induction functor twisted by a relative modular function (see [17]). 
The functor (i§) ! is called rough restriction functor in [17] and does not agree with 
any classical construction. 

Proposition 30. Let f: A B be a morphism. Then there are natural borno- 
logical isomorphisms 

Hom s (N,f*(M)) = Rom A (f*(N),M), Uom B (f,(M), N) = Rom A (MJ ] (N)) 

for all M Go Mod(A), N e Mod(B). Thus f* is left adjoint to /* and f\ is left 
adjoint to f . 

Proof. Use adjoint associativity and the universal property of Ess. □ 

The following proposition uses the functor /* : Mod(_B + ) — ► Mod(A + ) induced 
by a proper morphism f:A—>B. Notice that its restriction to the subcategory 
Mod(£>) agrees with the functor /* defined above. 

Proposition 31. Let f : A — > B be a proper morphism. Then the natural maps 

Es Sj4 (/*M) = A ® A M -> B ® B M = /*(Ess s M), 

/* (Rgh B M) = Horns (_B, M) - Hom^(A, f*M) - Rgh A f*(M), 

induced by f : A — > B are bornological isomorphisms for all M Go Mod(B + ). 
Therefore, /' = /*. 
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Proof. It follows from Lemma 15 that the natural bounded A-module homomor- 
phisms Ess A f*{M) -> f*M and /*(Ess s M) /*M are injective. We claim 
that EssA(f*M) and /*(Essb M) are the same subspace of f*M with the same 
homology. We have a bounded inclusion Essa(/*M) = A ®a M — > i? ®s M — 
/*(Ess_b M). Since f*(Ess B M) is an essential ^1-module, Theorem 22 yields that 
the map /*(Ess B M) -> /*M factors through Ess A /*(M). Hence Ess A /*(M) = 
/*(Esss M) as asserted. 

We use this and the general properties of smoothening and roughening functors 
to prove /*(Rgh B M) = Rgh. A f*(M). We have natural isomorphisms 

Rgh A /*(M) £* Rgh A Ess A f*(M) = Rgh A f*(Ess B M) 

- Rgh A /*(Ess B Rgh B M) = Rgh A Ess A f* Rgh B M <* Rgh A /* (Rgh B M). 
Finally, adjoint associativity implies 

Rgh A /* (Rgh B M) = Hom A (A /* Hom B (B, M)) 

S Horns (A ®A B, M) = /* Hom B (B, M) = /*(Rgh B M). 

Putting things together, we obtain Rgh^ f*(M) = /*(Rgh B M) as desired. Hence 
f (M ) = Essa /* (Rgh B M) S Essa /* (M ) = /* (M) by Theorem 22. □ 

Evidently, f\ and /* commute with direct limits and /* and f commute with 
inverse limits. Moreover, the functors f and /* are exact because B is projective 
as a left or right -B-module. Therefore, their adjoint functors f\ and /* preserves 
projectives and injectives, respectively. This can also be seen directly from 

f\(A <g> X) = B ® X, f*(Ess A Hom(A, X)) = Ess B Hom(B, X). 

The first assertion is trivial, the second one follows from adjoint associativity. 
The same constructions define triangulated functors 

/,,/*: Ho(A) - Ho(B), /*,/': Ho(S) - Ho(A). 

By exactness, /*,/': Ho{B) Ho{A) descend to functors /*, f : Der(B) -> Der(A). 
Of course, we still have /* = f on Der(B) if / is proper. The functors ft and /* 
need not be exact. As a substitute, we have their derived functors 

L/.,R/»: Der(A) Der(S). 

They are defined by applying f\ to a projective approximation and /* to an injective 
approximation, respectively. Thus 

L /, (M) = _B <g> A M, R /, (M) = Ess B (R Hom A (B,M)). 

Theorem 32. For any morphism f: A B there are natural isomorphisms 

(15) EHoms(iV,K/*(M)) = R Hom^ (/* (iV) , M) , 

(16) R Horn B (L /] (M) , AT) = RHom A (M, / ! (iV)), 

m Ho. TTiHS R/* is rig/ii adjoint to f * : Der(B) — > Der(A) and h ft is left adjoint 
to f: Der(B) -» Der(A). 

Proof. Observe first that the adjointness relations of Proposition 30 extend to the 
homotopy categories of chain complexes. Let P(M) — > M — ► I{M) be the projective 
and injective approximation functors. We have 

RUom B (N,Rf4M)) =RUom B (NJ r (I(M))) =Uom B (N,.U(I(M))) 

= Kom A (f*N,I(M)) = WRom A (f* N, M) 

because /* preserves injectives. This argument also uses Proposition 11. A similar 
computation, which uses that f\ preserves projectives, yields (16). □ 
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There are canonical maps 

(17) /*: R Hom B (M,JV) MHom A (f* M, f* N), 

(18) f: RHom B (M,A0 ^RHom A (/ ! M,/ ! A0, 

(19) /*: RUom A (M,N) -> R Hom B (R/*M,R/* AT), 

(20) /i: R Hoixu (M,N) ->1 Horn s (L /i M, L /i N) 

in Ho. They have the characteristic property that when passing to homology, we 
get the action of the functors /*, / ! , R/*, and L/i on the spaces of morphisms in 
the derived categories. There is a natural map 

(21) U ■ f * (M) ®\ /* (AO - M ® B N 

as well. The constructions are essentially the same in all cases. Let us construct /*. 
Choose a projective approximation P(M) — > M and consider f*(P(M)) Go Ho(A). 
Since /* is exact, the map f*(P(M)) — ► f*(M) is a quasi-isomorphism. Hence a 
projective approximation for f*(P(M)) is a projective approximation for f*(M) as 
well. Hence we get bounded linear chain maps 

R Horns (M, N) = Horns (P(M), N) -> Hom A (/*P(M), /*AT) 

-> RHom A (/*P(M), /*AT) RHom A (/*M, f*N). 

The resulting map M Horns (M, AT) ->■ RHom A (/*M, /*AT) does not depend on 
auxiliary choices and yields a natural transformation between these bifunctors. 
Moreover, the construction of /* is functorial (up to chain homotopy), that is, 
id* = id and f*g* = {gff in Ho. 

5. ISOCOHOMOLOGICAL MORPHISMS 

Let A and B be two quasi-unital bornological algebras and let i: A --■ > B be a 
morphism. We want to investigate when i* : Der(B) — > Der(A) is fully faithful. 

Consider first the functor i* : Mod(P) — > Mod (A). Since i*M and M have 
the same underlying bornological vector space, we get a bornological embedding 
Kom A (i*M,i*N) C Horns (M, N) for all M, N e Mod(B). Equality holds, 
for instance, if i is a proper morphism that has dense range in the sense that 
i(A) = B. Thus i*: Mod(P) -» Mod(A) is always faithful, and fully faithful for 
proper morphisms with dense range. However, this does not suffice to conclude 
that i* : Der(B) — ► Der(A) is fully faithful because of the following proposition. 

Proposition 33. If i* : Der(B) — > Der(j4) is fully faithful, then the subcategory 
i*Mod(B) C Mod(A) is closed under extensions with a bounded linear section. 

Proof. We can describe Ext B (M, AT) using either morphisms in the derived category 
or isomorphism classes of conflations. The first description yields 

Ext s (M, N) S Ext\(i*M, i*N) VM, A^ e Mod(P) 

if i* : Der(B) — > Der(A) is fully faithful. By the second description, this means that 
any conflation M >— > E -» N in Mod(A) with M, AT e Mod(P) is isomorphic to 
one in z*Mod(£?). In particular, E E i*Mod(B), as desired. □ 

Example 34. Consider the Banach convolution algebras A = 5 1 (Z) and B = 
on the group of integers Z, which are defined by the norms 

ll/ll'^El/MKM + l). ||/||° := £|/(n)|. 

nSZ nGZ 

Let z: A — > S be the inclusion. We claim that i*Mod(B) C Mod (A) is not closed 
under extensions. Hence i* : Der(B) — > Der(A) cannot be fully faithful. A similar 
counterexample exists for the embedding C 1 (S 1 ) —> C^S 1 ). 
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Equip C with the trivial representation of Z and the corresponding module struc- 
ture over A and P. Consider the representation of Z on C 2 by 



This is an extension of the trivial representation by itself. Since the norm of these 
matrices grows linearly in n, it defines a module over 5 1 (Z), but not over £i(Z). 
Hence it is an element of Ext^(C, C) that does not belong to Ext B (C, C). 

Recall that Ho = Ho(Bor) is the homotopy category of chain complexes over 
Bor. The natural transformations i* : RHom B (M,iV) RHom A (i*M, i*N) and 

i* : i*M ® A i*N — > M ®\ N used below are constructed in (17) and (21). 

Theorem 35. Let i: A ---> B be a morphism between two quasi-unital algebras. 
Let P. — > A be a projective A-bimodule resolution of A Go Mod(A ® A op ). The 
following conditions are equivalent: 

35.1. B %>a P* ®a B is a projective B-bimodule resolution of B. 

35.2. The map i* : B ® A B — > B ® B B = B is an isomorphism in Ho. 

35.3. The map a in the commuting diagram 

(L*i)oi*(M) - >■ M 



i*(B) (Z^ i*(M) — ^ B®\M 

is an isomorphism in Der(P) for all M Go Der(P). 

35.4. The map n ■ i*{M) ® A i*(N) —> M £g) B N is an isomorphism in Ho for any 
M Go Der(P op ), N Go Der(P). 

35.5. The map i* : RHom B (S, Hom(P, X)) -> RHom A (5, Hom(P, X)) is an iso- 
morphism in Ho for all X Go Bor. 

35.6. The map i* : RHom B (B, M) — > RRom.A(i*B, i*M) is an isomorphism in Ho 
for all M Go Der(P). 

35.7. The map i* : RHom B (M, N) -> RRom A (i*M, i*N) is an isomorphism in Ho 
for all M, N Go Der(P). 

35.8. The natural map 

M = Ess B M Horns (B,M) -> Ess B RHom A (B, M) = (Ri.) oi*(M) 

is an isomorphism in Der(P) for all M Go Der(P). 

35.9. The functor i* : Der(P) -> Der(A) is fully faithful. 

Proof. First we check the equivalence of 35.1 and 35.2. The functor X 1— > X ®a B 
maps projective A-bimodules to projective A, P-bimodules. Similarly, FhB (& a 
Y maps projective A, P-bimodules to projective P-bimodules. Hence P, <S>a B 
is projective in Ho(A <g> P op ) and P ®a -P. ®a B is projective in Ho(P <g> P op ). 
Since ^4 is projective as a right P-module, the map P, — > A is an isomorphism in 
Ho(A op ). Thus P. (gu P -> A ® A B = B is a resolution. It is a projective A, B- 
bimodule resolution of B. It follows that B ®^ B = B ® A (P. P). This is a 
projective P-bimodule resolution if and only if it is a resolution, if and only if the 
map B (gi A B — > B is an isomorphism in Ho. Thus 35.1 and 35.2 are equivalent. 

We have B ® B M = P <8>s M = M because P is projective and M is essential. 
Hence the map a in the diagram in 35.3 is an isomorphism if and only if i* is. Thus 
35.4 implies 35.3 and 35.3 implies 35.2. We claim that, conversely, 35.2 implies 35.4. 
The class of M Go Der(P op ) with i*{M)® A i*(N) ~ M®\n for all N Go Der(P) 
is a triangulated subcategory of Der(P op ) and also closed under direct sums. By 
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the quasi-unital variant of Proposition 10, this subcategory is equal to Der(B op ) 
once it contains X®B for all A Go Bor. Fix such an X. The class of N Go Der(B) 
with (X ® B) ® A i*(N) ^ (X <g> B) <g> B N is a triangulated subcategory of Der(B) 
closed under direct sums. Again by Proposition 10, it is equal to Der(B) once it 
contains B ® Y for all Y Go Bor. Thus i*(M) ® A i*(N) = M (g> B N holds for all 
M e Der(B°P), N e Der(B), once it holds for M = X ® B and AT = B <§> Y. 
Since A ® u is an exact functor for extensions with a bounded linear section, we 
have (X ® B) ®a {B ®Y) = X ® (B ® A B) <g> Y and (A <§> B) ® B (B ® Y) = 
X <g> (B <S> B B) (§) Y = X <g> B <g> Y. Thus 35.4 follows from 35.2 as asserted. 

It is also clear that 35.7 implies 35.6 and 35.6 implies 35.5. Almost the same 
argument that yields the implication 35.2=^35.4 also shows that 35.5 implies 35.7. 
Hence 35.5-7 are equivalent. 

Next we claim that 35.2 and 35.5-7 are equivalent. Equation (13) yields 

RHoniyi(B, Hom(B, X)) = Hom(B ®\ B, A), 

RHom B (B,Hom(B, A)) = Hom(B ® B B, A), 

for all A Go Ho(Bor). (We do not have to derive Hom(u, A) because this functor 
is exact on extensions with a bounded linear section.) The map 

(22) i*: RHom B (B,Hom(B, A)) -> KHom A (B,Hom(B, A)) 

in 35.5-7 corresponds to the map induced by i* : B ® A B — > B ® B B under these 
isomorphisms. By the Yoneda Lemma, (22) is an isomorphism for all A Go Ho if 
and only if z* : B (& A B — > B <g> B B is an isomorphism in Ho. Hence 35.2 implies 
35.5 and 35.7 implies 35.2. So far, we have seen that 35.1-7 are equivalent. 

We claim that 35.6 and 35.8 are equivalent. It is clear that 35.6 implies 35.8 
by applying the functor Esse : Der(B + ) — > Der(B). Conversely, we claim that we 
get 35.6 back from 35.8 if we apply Rgh B : Der(B) — ► Der(B+). We have natural 
isomorphisms 

Rgh B Ess B M Hom B (B, M) = Rgh B Ess B Rgh B M = Rgh B M = MHom B (B, M) 

because B is projective and Rgh B oEss B = Rgh B = Rgh B . Using adjoint associa- 
tivity, we also get 

Rgh B Ess B M Hom A (B, M) = M Horn B (B, M Hom A (B, M)) 

= R Hom A (B C§3 B B, M) = Mom A (B, M). 

One checks easily that these isomorphisms are compatible with the maps i* on both 
sides. Hence 35.6 35.8. 

It is clear that 35.7 implies 35.9 by passing to homology. For the converse, 
we claim that 35.8 and 35.9 are equivalent. This follows in a formal way from 
the adjointness of Mi* and i*. It yields natural isomorphisms Der J 4(«*A, i*M) = 
Der B (A, oi*M) for all A, M Go Der(B). The composite 

Der B (A,M) ^ Der A (i*X,i*M) % Der B (A, (li,)o i*M) 

is induced by some map M — > (Ri*)oi*M, which turns out to be the one described 
in 35.8. The Yoneda Lemma implies that Der B (A, M) — > Der J 4(«*A, i*M) is an 
isomorphism for all A if and only if M — ► (Ki») o j*M is an isomorphism. This 
means that 35.8 and 35.9 are equivalent. □ 

Definition 36. A morphism between quasi-unital bornological algebras is called 
isocohomological if the equivalent conditions of Theorem 35 are satisfied. 
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Proposition 37. Let f: A --■» B and g: B --■> C be composable morphisms be- 
tween quasi-unital bornological algebras. If two of f , g, g o / are isocohomological, 
so is the third. 

Proof. Suppose first that g is isocohomological. Then it follows immediately from 
condition 35.9 that gof is isocohomological if and only if / is isocohomological. Now 
suppose that gof and / are isocohomological. We want to show that g is isocohomo- 
logical. Since / is isocohomological, we have g* (C) <£> B g* (G) = f*g*{C)® A f*g*(C) 
by 35.4. Since go f is isocohomological, the latter is isomorphic to G by 35.2. This 
means that g is isocohomological. □ 

Proposition 38. Let A\ --■» B\ and A2 ---> B2 be isocohomological morphisms. 
Then the induced morphism A\ ® A2 — ■> B\ ® B2 is isocohomological as well. 

Proof. Use {B x ® B 2 ) ®X®A 2 (#i ® #2) = (#i 8^ #2) ® (B 2 ®a 2 #2). □ 

6. Isocohomological group convolution algebras 

Let V(G) be the convolution algebra of smooth functions of compact support 
on a locally compact group G. This is a quasi-unital bornological algebra, and 
Mod(£>(G)) is isomorphic to the category Mod(G) of smooth representations of G 
(see [17]). We frequently replace V(G) by G in our notation, writing (g> G and £g) G 
for <S>£)(g) and <8>x>(G) and KHomg and Home for RHom-p^ and Hom B ( G ). 

A smooth convolution algebra on G is a bornological algebra T(G) of functions 
on G that contains V{G) as a dense subalgebra, such that the left and right regular 
representations of G on T(G) are smooth. Equivalently, T(G) is an essential bimod- 
ule over TJ(G). Let i: £>(G) — > T(G) be the embedding. It follows from Lemma 28 
that T(G) is always quasi-unital and that i is a proper morphism. Proposition 31 
asserts, among other things, that 

i* Ess r(G) = i* Ess p(G ) , i* Rgh r(G) = i* Rgh-p^ . 

A T(G)-module M is essential if and only if i*M is essential if and only if the 
module structure is the integrated form of a smooth representation of G ([17]). 

Since i has dense range, the functor i* : Mod(T(G)) — ► Mod(G) is fully faithful, 
that is, Hom T(G) (M,A0 = Hom G (ikf, N) for any M, N G Mod(T(G)). Thus 
Mod(T(G)) is a full subcategory of the category Mod(G) of smooth representations 
of G. We call such representations T(G) -tempered. A smooth representation is 
T(G)-tempered if and only if its integrated form V(G) — ► End(M) extends to a 
bounded homomorphism T(G) — ► End(M). 

The Schwartz algebras of Abelian locally compact groups and the Schwartz alge- 
bras of reductive groups over local fields defined by Harish-Chandra are examples 
of smooth convolution algebras. If G is discrete, then the smoothness condition 
is empty and a smooth convolution algebra is just an algebra that contains C[G] 
as a dense subalgebra. For instance, the algebra S(G) defined in (1) is a smooth 
convolution algebra on G. 

Definition 39 ([18]). We call a smooth convolution algebra T{G) isocohomological 
if the embedding V(G) — ► T(G) isocohomological. 

Definition 40. A smooth convolution algebra T(G) on a locally compact group G 
is called symmetric if U 4>(g, h) := 4>(gh, g) and its inverse U~ 1 4>(g, h) := (j>(h, h _1 g) 
are bounded operators on T(G) <§> T{G). 

Of course, T)(G) is always symmetric. 
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Let T(G) be a symmetric convolution algebra and let p: T(G)(g)T(G) — > T(G) be 
the convolution. Then (poU)4>(g) = J G <j>(g, h) dh. Hence the trivial representation 
<t> i— > J G 4>{h) dh is a module over T{G). 

The convolution algebras 0(G) and S k (G) for 6 R + U{oo, iv} defined in [19] for 
a finitely generated discrete group are easily seen to be symmetric. The Schwartz al- 
gebra of a locally compact Abelian group is symmetric as well because the map U is 
associated to a group homomorphism in this case. In contrast, the Harish-Chandra- 
Schwartz algebra of a reductive group over a local field cannot be symmetric because 
the trivial representation of such a group is not tempered. For the same reason, the 
Jolissaint algebra of a discrete group with rapid decay is only symmetric for groups 
of polynomial growth. 

Proposition 41. A symmetric convolution algebra T(G) is isocohomological if and 
only if T(G) ® G C^ T(G) ®^(G) C = C. By definition, T(G) <E> G C^ T(G) <g G P. 
for any projective resolution P, — > C of the trivial representation of G. 

Proof. For M 6 Mod(G op ), TV Eo Mod(G), equip M <g> TV with the inner conju- 
gation action (m <g n) ■ g := (m ■ g ® g^ 1 ■ n) for all g G G, m £ M, n e TV, and 
the associated right £>(G)-module structure. Then we have a natural isomorphism 
M (g>G N = (M (g) TV) C (see [17]). This easily implies the corresponding state- 
ment for chain complexes M and TV. It is checked in [17] that M(g)TV is a projective 
2?(G)-module if M or TV is projective. Hence 

M ®q TV = (M (g) TV) (gig C 
for all M e Der(G op ), TV Eo Der(G). In particular, 

T(G) ®g T(G) = (T(G) ® T(G)) P ^ A ® G C, 

where the superscript p ig A indicates that we equip T(G) <g> T(G) with the inner 
conjugation representation of G. 

The operator U of Definition 40 intertwines the inner conjugation action p ® A 
and the regular representation on the second tensor factor 1 ® p. Hence 

(T(G) <§> T(G)) P ® A s (T(G) ® T(G))^ P 
for symmetric convolution algebras. Therefore, 

T(G) ®g T{G) = {T(G) (8 T(G)) 1 ®" ® l G C~ T(G) ® (T(G) ®g C). 
This implies the assertion. □ 

Theorem 42. Lei G be a finitely generated discrete group. If G admits a combing 
of polynomial growth, then S(G) is isocohomological; if G admits a combing of 
subexponential growth, then S U (G) is isocohomological; and if G admits a combing 
of exponential growth, then 0(G) is isocohomological. 

In general, if T(G) is 0{G), S^{G), or S(G), then T(G) is isocohomological 
if and only if the chain complex that is denoted by TG. (G) in [19] has a bounded 
contracting homotopy. This property is invariant under quasi-isometry. 

Proof. Let G be a finitely generated discrete group and let T(G) be one of the 
convolution algebras 0(G) and S k (G) for k e R + U {oo,w}. It is easy to see 
that T(G) is symmetric. For an appropriate choice of resolution P., the complex 
T(G)®cP» is exactly the complex that is denoted by TG.(G) in [19]. Proposition 41 
therefore yields that T(G) is isocohomological if and only if the chain complex 
TG. (G) is contractible. It is shown in [19] that this condition is invariant under 
quasi-isometry and is satisfied in the presence of suitable combings. □ 
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h{G,w) := /: G^C 



In particular, the above theorem applies to finitely generated free non-Abelian 
groups, to hyperbolic groups, to automatic groups, and to finitely generated Abelian 
groups. All these classes of groups have combings of linear growth. The following 
is proven in [18]: 

Theorem 43. The Bruhat- Schwartz algebra S(G) is isocohomological for any Abel- 
ian locally compact group G. 

A weight function on G is a function w: G — > K>o such that w(gh) < w(g)w(h) 
for all g,h E G. We do not require any relationship between w(g) and w(g _1 ). If w 
is a weight function, then 

'£l/fo)Ks)<°°! 

geG 

is a Banach algebra with respect to convolution. The functions w(g) ■ (1(g) + l) k 
for k G N and w(g) ■ a e ^ for a > 1 are also weight functions if w is. We let 

S(G,w) := f]£ 1 (G,w(£+l) k ). 

ken 

A subset of S(G, w) is bounded if and only if it is bounded in ti(G, w ■ (£ + l) k ) for 
all k G N. Thus S(G, w) is a Frechet-Schwartz space. More generally, if W is a set 
of weight functions, we let 

S(G,W) := p| S(G,w). 

A subset of S(G, W) is bounded if it is bounded in S(G, w) for all w G W. If W 
is countable, then S(G, w) is a Frechet-Schwartz space. For instance, if W — {r/ 
n G N>2}, then S(G, W) — 0(G) because the exponential growth of (n + X) 1 jn l 
dominates the polynomial growth of (I + l) k . The convolution algebras S(G,W) 
are usually not symmetric. Nevertheless, we can treat them as in [19]. 

Definition 44. Let G be a discrete group and let fj : G — ► G, j 6 N, be a combing 
of G as defined in [19]. A set of weights W is called compatible with the combing 
if it has the following property: for any w € W there is a finite linear combination 
w := J2wew a w w sucn that 

w(f 3 (g)) ■ w(f 3 (gy 1 h) < w(g) ■ w(g~ l h) 
for all g, h £ G, n <E N. 

Theorem 45. Let G be a discrete group and let (fj)jen be a combing of G of 
polynomial growth. Let W be a set of weight functions on G that is compatible with 
the combing. Then S(G, W) is isocohomological. 

Proof. The proof is very similar to the proof of the corresponding statement without 
weights in [19]. Hence we only outline the necessary changes and assume that the 
reader is familiar with [19]. 

Let V :— S(G,W) £§> S(G, W) equipped with the inner conjugation action. We 

have to show that the natural chain map V ® G C — > S(G, W) is an isomorphism in 
Ho. The operator U in Definition 40 is a bornological isomorphism between V and 

V :={/: GxG^C | 

53 h)\w(h)w(h- 1 g)(e(g) + 1(h) + l) k < oo Vw G W, k G N}. 

g,h€G 

The isomorphism is equivariant for the regular representation f-g(x, y) := f(x, y-g) 
on V. The free chain complex G,(G) can be viewed as a free C[G]-module resolution 
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of C. Hence V ® G C V ® G C.{G). We identify V ® G C n (G) with the space of 
functions /: G x G" +1 — > C that satisfy the control condition in the definition of 
SC,(G) in [19] with respect to the last n+1 variables and for which the function 
(g,h) ^ f{ff,h- x ) belongs to V for all x G G n+1 . A subset of V ® G C n (G) is 
bounded if it satisfies the control condition uniformly and if the set of functions 
(g, h) i— ► f(g,h- x) is bounded in V for any fixed a; G G n+1 . The boundary map on 
V ® G C.(G) is id® 5. 

We have V ®g Gq(G) — V. The multiplication map V — > <S(G, VK) corresponds 
to the map a: V — > S(G, HQ, af(g) = ^2 h f(g, h). The map a is split surjective. 
Let if, be the complex with K n = V ®g C n (G) for n > 1 and -Ko = kera. Instead 
of showing that a is a homotopy equivalence, we may show that K, is contractible. 
Let H : G.(G) — ► G.(G) be the contracting homotopy that is used in the proof of 
[19, Theorem 4]. Then id ® _ff is a contracting homotopy for the dense subcomplex 
of compactly supported functions in K,. As in [19], one checks that this extends 
to a bounded contracting homotopy for K,. The compatibility between the set of 
weights and the combing is exactly what is needed to prove that id ® H is bounded 
with respect to the growth condition that defines V. □ 

Example 46. If w: G — > K>o is a group homomorphism, then 

w(fj(9)) ■ wifjigy 1 ^ = w(h) = w(g) ■ w{g~ 1 h), 

no matter what combing we use. Hence the compatibility is automatic if W is a set 
of group homomorphisms. For instance, let G = 7L n . This group has a well-known 
combing of linear growth. It is defined by approximating the straight line in R™ 
by a path in Z". Group homomorphisms G — > M>o are of the form x i— ► exp(a • x) 
for some a G M™. Hence any subset W C R" defines a weighted Schwartz algebra 
>S(Z™, W). All these convolution algebras are isocohomological by Theorem 45. 

By the way, max{exp(a • x),exp(& • x)} dominates exp(c • x) if c is a convex 
combination of a and b. Therefore, <S(Z™, W) = S(Z n ,W) if is the convex hull 
of W. Thus it suffices to consider the algebras S(Z n ,W) for convex If CI". Any 
such convex subset is a union of an increasing sequence of convex polyhedra. This 
implies that S{'L n ,W) is always a Frechet-Schwartz algebra. 

Example 47. Let F r be the free group on r generators s\, . . . , s r . This group has 
the rapid decay property of Paul Jolissaint ([10]). This means that 

S 2 (W r ) := f|^ 2 (F r ,(^ + l) fe ) 

feSN 

is an algebra with respect to convolution. Using the standard free C[F r ] -resolution 
of the trivial representation of length 1, we identify (<S2(F r ) ® S2(F r )) p ® A ®f C 
with the complex (<S 2 (F r ) ® S 2 (¥ r )) r S 2 (W r ) ® «S 2 (F r ) of length 1, where 

r 

8({xj ® y 3 )) := Xj ® y 3 - Xjsj 1 ® sjyj. 
i=i 

One can show that i5 is not an isomorphism onto the kernel of the multiplication 
map 52(F r ) ® <S2(F r ) — > 52(F r ). This means that <S2(F r ) is not isocohomological. 

6.1. Variants of the de Rham complex. The complexes that we introduce in 
this section are used to prove that certain convolution algebras are isocohomological. 

Let M be a smooth oriented manifold of dimension n. We will only use the 
case M = W 1 later. However, since we equip R™ with group actions and want to do 
constructions equivariantly, it is useful to formulate some definitions more generally. 
Let T*M -> M be the cotangent bundle of M and let A*(M) -> M be its exterior 
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algebra bundle. This is a graded algebra. Let Ct(M) be the space of smooth sections 
of A*M, equipped with its usual Frechet topology and the precompact bornology 
that it defines. The de Rham boundary d dR turns fi(M) into a bornological chain 
complex, whose homology is known as the de Rham cohomology of M. 

Let T>fl(M) C f2(M) be the subspace of compactly supported smooth sections. 
A subset of T>Q(M) is bounded if it is bounded in O(M) and all all its elements 
have uniformly compact support. The orientation of M provides a bounded linear 
functional / : T>Cl n (M) — > C that satisfies / od dR — 0. Hence we get a chain complex 

jdR jdR jdR I 

(23) — > DO°(M) VQ}(M) . . . 2XF(M) -U C. 

This chain complex is natural for orientation preserving diffeomorphisms. If a 
diffeomorphism $: M — > M reverses the orientation, we let it act on Dfi-^M) by 
w i ► — for all j. Thus / and (i dR commute with the action of <&. Thus (23) 
becomes a chain complex over Mod(G) if G is a Lie group that acts smoothly 
on M . We equip C with the trivial representation of G. Since we want (23) to be 
a resolution, we shift the grading so that T>Q n (M) occurs in degree n — j. 

Proposition 48. Suppose that a Lie group G (possibly with infinitely many com- 
ponents) acts properly and smoothly on R™ for some n 6 N. Then the chain com- 
plex (23) for M = R n is a projective resolution of the trivial representation of G. 

Proof. We have to check that 2?0(R n ) is a projective £>(G)-module and that the 
complex (23) for M = R n has a bounded contracting homotopy. The second 
assertion is well-known. Using the isomorphism X>f2(R") = D£l(R)® n , we can 
reduce the proof to the easy case n = 1. To prove projectivity of T>Q(R n ), we need 
a G-equivariant section for the map 

a : V{G x M, K*M) => V(G) <8> VQ(M) -> Vfl(M) 

that defines the group action. There is ip G V(M) with J G ip(g~ 1 x) d\(g) = 1 for 
all x E M. The map af(g, x) :— i[)(x) ■ g~ x f(gx) is the desired section for a. □ 

Next we describe variants Sfl(R n ), 5 w fi(R"), and 0(R n ) of (23) for M = R n . 
We let iSO(M") be the space of all sections of A*R™ with rapid decay; that is, for 
all k € N and all constant coefficient differential operators D on R n , there is C > 
with ||D(/)(jc)|| < C ■ (\\x\\ + l)- fe . Here we use the usual Euclidean metric on R n 
to define the norm on the fibres of A*M n . A subset of 6>f2(R") is bounded if the 
above estimates hold uniformly for its elements. The operators d dR and / extend 
to <Sf2(R"), so that Sf2(R™) becomes a chain complex of bornological vector spaces. 

Similarly, we define Ofl(R n ) by requiring exponential decay, that is, for all a > 1 
and all constant coefficient differential operators D on R n , there is C > such that 
||-D(/)(^)|| < G ■ a'^H. Finally, we define S^f^K") by a subexponential decay con- 
dition: there is a > 1 such that for all constant coefficient differential operators D 
on R n there is C > with ||£>(/)(x)|| < C ■ a^ x K In both cases, we call a subset 
bounded if its elements satisfy the appropriate estimate uniformly. 

Lemma 49. The complexes SQ(R n ), 5"fi(R n ) and OCl(R n ) (all augmented by f) 
are contractible. 

Proof. One checks easily that SQ (R™) = 50 (M)®". Hence the assertion for gen- 
eral n reduces to the special case n = 1, which is easy. The same argument works 
for 5 W 0(R") and OQ(R n ). □ 
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6.2. Application to groups of polynomial growth. Let G be a discrete group 
of polynomial growth. That is, G is finitely generated and the number of elements 
geG satisfying £(g) < R has polynomial growth as a function of R. This section 
is devoted to the proof of the following theorem: 

Theorem 50. Let G be a discrete group of polynomial growth. Then the convolution 
algebras S(G), S"(G) and 0{G) on G are isocohomological. 

Let T(G) be one of the convolution algebras in the statement of the theorem. 
We shall use the following known structure theorem: 

Theorem 51. Let G be a finitely generated discrete group of polynomial growth. 
Then there exists a connected nilpotent Lie group G and a cocompact lattice G' C G 
that is quasi-isometric to G. 

Proof. By a celebrated result of Mikhail Gromov ([5]), the group G contains a 
nilpotent subgroup G\ of finite index. It follows from results of [7] that G\ and 
hence G contain a torsion free subgroup G' of finite index, which is, of course, 
again finitely generated and nilpotent. A famous result of Anatoli! Ivanovic Malcev 
([14, 15]) yields that G' is isomorphic to a cocompact lattice in a connected nilpotent 
Lie group. □ 

It follows from [19] that the assertions in Theorem 50 are invariant under quasi- 
isometry. Hence we may assume in the following that G is a cocompact lattice 
in a connected nilpotent Lie group G. Let g be the Lie algebra of G. Since G 
is nilpotent, the exponential map exp: g — > G is a diffeomorphism, that is, its 
inverse log: G — > g is everywhere defined and smooth. In the following, we identify 
G = g = R n and equip g with the action of G by left translation. This is a smooth 
action G x g — > g as in Proposition 48. Hence the complex Vfl(G) is a projective 
resolution of the trivial representation of G. 

Lemma 52. T(G) ®g D = Tft(g) as bornological chain complexes. 

Lemma 52 and Lemma 49 yield T(G) Cg>g C = C. Since T(G) is a symmetric 
convolution algebra, this implies that T(G) is isocohomological and finishes the 
proof of Theorem 51. 

Proof. Let Xi,...,X n be an orthonormal basis for g. We view X\, . . . ,X n as 
left invariant vector fields on G and then pull them back to g using the exponential 
map. We still write X\, . . . , X n for the resulting vector fields on g. Alternatively, we 
may also extend X\ , . . . , X n to translation invariant vector fields on the Euclidean 
space g. We denote these by Y\, . . . , Y n . Since they are both 2?(g)-module bases 
for the space of vector fields on g, they are related by pointwise multiplication 
with some function g — > Gl(g). This function can be described as follows. Let 
ad: g — > End(g) be the adjoint representation of g. We need the holomorphic 
function 

~ ~ . . sinh(x/2) 

CT: C^C, a(x):= ^ 

It is shown in [21] and [2] that Yj(Z) is obtained from Xj(Z) by applying the 
linear operator <r(ad(Z)) for all Z G g. Since G is nilpotent, the function a(adZ) 
and its inverse cr(adZ) -1 are both polynomial functions on g. Therefore, if <f> £ 
£{g), then P(X\, . . . , X n )(<f>) has rapid decay for all polynomials P if and only if 
P(Y 1 , . . . , Y n )(<j>) has rapid decay for all polynomials P. 

Equip G with some Riemannian metric that is invariant under left multiplication 
and let d: G x G — > R+ be the associated metric. It is well-known that the curves 
exp(iAT) for X e g with ||AT|| = 1 are unit speed geodesies in G. Thus d(x, 1) = 
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||log(x)|| for all x € G. Since GCGis cocompact, the word length function on G is 
equivalent to the length function ||log(x)||, so that both norms give the same rapid 
decay condition. This allows to identify S{G) ®g (fl) with the space of functions 
g — > C for which P(X\, . . . , X n )(<f>) has rapid decay for all polynomials P. Since 
we may replace (Xj) by (Yj), this gives S(g) as desired. The same argument works 
for <S W (G) and 0(G). 

Let dX\ , . . . , dX n be the basis for the space of covector fields that is dual to 
Xi, . . . , X n . Then the standard basis vectors dXi 1 A • • • A dX ij for A*g provide a 
G- invariant basis for the space of differential forms on g. This yields a G-equi variant 
isomorphism V(G) <g> A*g = X>Q(G) and hence T(G)® G VQ(G) = T(g)®A*g. Here 
we use the differential forms dXi 1 A • • • A dX ij as our basis to measure the decay of 
a differential form. Since we get the same decay condition if we use dY^ A • • ■ AdY^ 
instead, this space is equal to Tfl(g) as desired. □ 

6.3. Some smooth convolution algebras on Lie groups. The techniques used 
to prove Theorem 51 also apply to certain smooth convolution algebras on Lie 
groups. First we define the convolution algebras that we are interested in. Let G 
be a Lie group with finitely many connected components. (More generally, similar 
constructions work for arbitrary almost connected locally compact groups) . Let dX 
be a left invariant Haar measure on G. We need the following analogue of a word 
length function. There is a compact subset S C G with S — S^ 1 and (J S n = G. 
Define £(g) to be the minimal n £ N with g € S n . It is easy to see that the norms 



are submultiplicative and hence define Banach convolution algebras £i(G, (£ + l) k ) 
and £i(G, a 1 ) on G. 

Consider the space A(G) := f] a>1 £i(G,a e ) of functions of exponential decay, 
equipped with the obvious bornology. This is the von Neumann bornology on a 
Frechet space. We let 0(G) be the smoothening of the left regular representation 
of G on A(G). Let U(g) be the universal enveloping algebra of G, identified with 
the space of distributions on G supported at the identity element. Since A(G) is 
bornologically metrisable, the smoothening 0(G) is the subspace of 4> g A{G) for 
which D*(f> £ A(G) for all D E U(g). A subset S of A(G) is bounded if and only 
if D * S is bounded in A(G) for each D g U(g) (see [17]). If G is only almost 
connected, the smoothening is a bit more complicated to describe explicitly. We 
assume in the following that G is a Lie group to simplify the exposition. 

We claim that 0(G) is a symmetric smooth convolution algebra on G. It is 
clear that the left regular representation of G on 0(G) is smooth. The difference 
between left and right convolution by D is given by the adjoint representation of G 
on g. Since this has at most exponential growth, the operator <fi i— > <f) * D is a 
bounded linear operator on 0(G) for any D G U(g). This means that the right 
regular representation of G on 0(G) is smooth as well. Thus 0(G) is a smooth 
convolution algebra on G. Of course, we could equally well have defined 0(G) as 
the smoothening of the right regular representation. Since it does not matter on 
which side we smoothen the representation, the same argument as in the discrete 
case shows that 0(G) is symmetric. 

Now suppose that G is a connected nilpotent Lie group or, slightly more gen- 
erally, an extension of a compact group by a connected nilpotent Lie group. Let 
B (G) := f] keN h{G, {£ + l) k ) and let 5(G) be the smoothening of the left regu- 
lar representation of G on B(G). This space can be described as above. Since 
the adjoint representation of G has polynomial growth in this case, the right and 
left regular representations of G on S(G) have the same smoothening. The same 
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reasoning as above shows that S(G) is a symmetric smooth convolution algebra 
on G. Finally, we define B^(G) := \J a>1 £i(G, a e ) and let S W (G) be the smoothen- 
ing of the left regular representation on this space. This is a symmetric smooth 
convolution algebra for the same reasons. 

We remark without proof that the smoothening of f]£ p (G, a 1 ) is equal to 0(G) 
for all p G [l,oo] and for all almost connected locally compact groups. Similarly, in 
the nilpotent case the smoothenings of f]£ p (G, (I + 1) ) and [J£ P (G, a e ) are equal 
to S(G) and S U (G), respectively, for all p G [l,oo]. This implies that the spaces 
0(G), 5(G), and S U (G) are nuclear whenever they are defined. We do not prove 
this statement because we have no use for it here. 

Theorem 53. The convolution algebras S(G), S W (G) and 0(G) are isocohomolog- 
ical if G is a connected nilpotent Lie group. 

Proof. We have already remarked above that these convolution algebras are sym- 
metric. The complex X>f2(G) is a projective resolution of the trivial represen- 
tation of G by Proposition 48. As in the proof of Lemma 52, one shows that 
T(G) <8> G Pfi(G) = Tfi(fl). This yields the assertion as above. □ 

Let G be a Lie group with finitely many connected components and let K C G be 
a maximal compact subgroup. The general structure theory of such groups asserts 
that G/K is diffeomorphic to some R™. Hence T>Q(G/K) — > C is a projective T>(G)- 
module resolution of the trivial representation of G by Proposition 48. We choose 
a JT-invariant inner product on the Lie algebra g of G. This defines a G-invariant 
Riemannian metric on G/K. Let p be the orthogonal complement of the Lie algebra 
of K inside g. We may identify p with the tangent space of G/K at the identity 
coset K. As above, unit speed geodesies in G/K emanating from K are exactly the 
paths of the form exp(iA) for some X G p with ||X|| = 1. 

Theorem 54. Suppose that the map exp: p — > G/K described above is a diffeo- 
morphism. For instance, this is the case if g is a reductive Lie algebra and G and 
its centre have only finitely many connected components, or if G is an exponential 
Lie group. Then 0(G) is isocohomological. 

Proof. It is well-known that the homogeneous space G/K is a CAT(O) space if g 
is reductive and G and its centre have only finitely many connected components. 
This implies that the exponential map is a diffeomorphism (see [2]). Recall that G 
is exponential if exp: g — > G is a diffeomorphism. This implies K = {1} and hence 
that the map exp: p — > G/K is a diffeomorphism. 

Since the exponential map p — ► G/K is a diffeomorphism, it yields an isomor- 
phism T>Q(G/K) = T>Q(p). As above, the proof is finished by showing that this 
extends to an isomorphism between 0(G) ® G VQ(G/K) and 0Q(p). If K = {1}, 
that is, G is an exponential Lie group, then the argument is almost literally the 
same as above. The function cr(ad Z) above and its inverse automatically have ex- 
ponential growth. This is enough to prove that the different bases (Xj) and (Yj) 
are equivalent for measuring the decay of derivatives, as long as we are only in- 
terested in spaces like 0(G) which are closed under multiplication by functions of 
exponential growth. 

In general, we may proceed as follows. The projection G — > G/K induces a map 
Q(G/K) — > fi(G). We call a differential form lo G 51(G) special if it is in the range 
of this map. Equivalently, it is invariant under the right regular representation 
of K and takes values in A*p C A*g. Let X\, . . . ,X m be a basis of g and view 
these elements as left invariant vector fields on G. We let Ofi(G) be the space of 
all sections of fl(G) whose coefficients with respect to the basis dX^ A • • • A dX^ 
are in 0(G). Recall also that / G 0(G) if and only if P(X U X m )(f) = 0(a e ) 
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for all a > 1 and all polynomials P. One can now check that 0(G) ®g T>Q.(G/K) 
is isomorphic to the closed subspace of special forms in Ofi(G). 

We may view g x K as a Lie group and then define OSI(q x K) and the subspace 
of special differential forms as above. Explicitly, special differential forms on g x K 
are defined using the coordinate projection g x K — > g. We use the length function 
£(X, k) := ||X|| on p x K and the basis Y\, . . . , Y m of g x if-invariant vector fields 
associated to the basis (Xj) of g. One can show easily that OSl(p) is isomorphic to 
the subspace of special differential forms in Ott(g x K). 

The hypotheses on G guarantee that the map 

Q-.pxK^G, (X,k)^cxp(X)-k, 

is a diffeomorphism. If u> G Q(G), then u> is special if and only if Q*(u>) is special. 
The function £oO _1 on G is equivalent to the length function that is used to define 
0(G). The bases (Xj) and (Yj) are related by multiplication by functions of at 
most exponential growth. Therefore, Ofl(G) = Ofl(g x K), and the subspaces of 
special elements also coincide. This means that 0(G) ®g Vtt(G/K) = OQ(p) as 
asserted. □ 



7. Tempered crossed products and noncommutative tori 

In this section, we consider crossed product algebras. First we define them, 
show that they are quasi-unital, and identify the essential modules with covariant 
representations. Then we find a sufficient criterion for isocohomological embeddings 
in this context and apply it to noncommutative tori. 

7.1. Crossed product algebras with compact support. Let G be a locally 
compact group and let B be a bornological algebra equipped with a smooth rep- 
resentation of G by algebra automorphisms (3: G — > Aut(_B). The space V(G,B) 
of smooth compactly supported functions G — > B can be defined most quickly as 
2?(G) C§) B (see also [17]). Let dX be a left invariant Haar measure on G. We define 
the convolution on V(G, B) by the usual formula 

(24) 0! * cj> 2 {g) := / fa(h) ■ Phfo^g) d\(h). 

Jg 

for all 0i,02 G T>(G,B). This multiplication turns V(G 1 B) into a bornological 
algebra, which we denote T>(G) x B. 

Definition 55. Suppose that B is essential. An (essential) covariant representation 
of G and B on a bornological vector space M is a pair (p, ir) , where p: B — > 
End(M) is an essential 5-module structure on M and ir: G — > Aut(M) is a smooth 
representation, such that ir(g)p(b)iT(g^ 1 ) — p(P g b) for all g G G, b £ B. 

A covariant representation can be integrated to a module structure 

V{G) kB^ End(M), cj> ^ [ p{<j>{g)) o tt( 9 ) d\(g). 

Jg 

We want to show that all essential modules over V(G) k B are of this form. As in 
the theory of C*-algebra crossed products, this is done by embedding B and G in 
the multiplier algebra M(V(G) x B) by 

(g ■ <f>)(h) := PgHg^h), (b ■ 0)(fc) := bcj>(h), 

(0 • g){h) := rthg-^paigy 1 , (0 • b)(h) := 0(^)^(6), 

where denotes the modular function of G. The representations of G on I?(G) x B 
by left and right multiplication are evidently smooth, that is, T>(G) x B is an 
essential bimodule over T>(G). If B is quasi-unital, then T>(G) x £> is also an 
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essential B-bimodule. This is clear for the left module structure. For the right 
module structure, use the bounded linear operators W, W^ 1 : T>(G, B) — > V(G, B), 

(25) wm ■■= Mis), w-^ig) ■■= /3 S "V(5)- 

They satisfy W~ X (W(<I>) ■ b)(h) = 4>{h)b. Hence V{G) x B = V{G) ® B with the 
free module structure both as a left and a right B-module. 

Theorem 56. // B is quasi-unital, then T>(G) x B is quasi-unital as well. The 
category of essential T>(G) x B-modules is equivalent to the category of covariant 
representations of G and B. 

Proof. It is straightforward to construct approximate units in T>(G) x B using 
approximate units in B and an approximation of Si in V{G) (see also [17] for a 
treatment of V(G)). Let (p,7r) be a covariant representation of G and B on M. 
Since p: B — > End(M) is essential, we have a bounded linear section obm ■ M — > 
B® M. Define a: M —> T>(G,B®M) = (V(G) x B) M by 

<j(m)(g) := V(.g) • (ids ® ^(^"Vsm^) 

for some function V € 2?(G) with J G ip(g)d\(g) = 1. This is a bounded linear 
section for the action (D (G) k _B) ® M — » M. Thus covariant representations yield 
essential modules. Applying this to left and right module structure on V{G) K B, 
we see that V(G) k B is quasi-unital. Conversely, if M is an essential V(G) K _B- 
module, we get a smooth representation of G and an essential -B-module structure 
using the morphisms T>(G), B V(G) K i?. They satisfy the covariance condition 
and their integrated form is the given T>(G) k i?-module structure. One checks 
easily that the above constructions are functorial and inverse to each other. Thus 
we have an isomorphism of categories. □ 

7.2. Tempered crossed product algebras. Now let T(G) be a smooth convolu- 
tion algebra on G. Let B be as above and suppose, in addition, that the operators 
W and W~ x in (25) extend to bounded linear operators on T(G, B) := T(G) <8> B. 
Using this and that T(G) is a convolution algebra, one can check easily that the 
convolution (24) extends to a bounded bilinear map on T(G,B). We let T(G) K B 
be T(G, B) equipped with this multiplication. 

Proposition 57. The algebra T{G) K B is quasi-unital and the embedding 

i: V(G) k B -> T(G) k B 

is a proper morphism. The category Mod (T(G) k B) is isomorphic to the category 
of covariant representations (p,n) for which ir: G — > Aut(M) is T{G) -tempered. 

Proof. The same argument as for V(G) k B shows that T(G) x B is an essential 
B-bimodule and that the representations of G on T(G) x B by left and right 
multiplication are smooth. Hence T(G) x B carries a covariant representation 
of G and B. By Theorem 56, T{G) x B is an essential bimodule over X?(G) x B. 
Lemma 28 implies that T(G) x B is quasi-unital and that the embedding of T>(G) x B 
is a proper morphism. Since this homomorphism has dense range, the induced 
functor Mod((T(G) x B)+) Mod((X>(G) x B)+) is fully faithful. Proposition 31 
shows that the smoothening functor on Mod((T(G) x B) + ) is the restriction of the 
smoothening functor on Mod((2?(G) x B) + ). Thus a module over T(G) x B is 
essential if and only if it is essential as a module over T>(G) x B. By Theorem 56, 
Mod(T(G) x B) is isomorphic to the category of covariant representations (n, p) 
whose integrated form extends to a bounded homomorphism on T(G) x B. The 
latter just means that the integrated form of 7r extends to T(G). □ 
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Theorem 58. Let G be a locally compact group and let T(G) be an isocohomolog- 
ical smooth convolution algebra on G. Let B\ and B2 be quasi-unital bornological 
algebras, equipped with actions of G by automorphisms. Suppose that the operators 
W and W~ x in (25) extend to bounded operators on T(G) <8> B2, so that T(G) x B2 
is defined. Let i: B\ --■» B2 be a G-equivariant isocohomological morphism. 
Then the induced morphism 25(G) x B\ T(G) x B2 is isocohomological. 

Proof. By Proposition 37, it suffices to prove that the morphisms T>(G) x B\ — » 
25(G) x B 2 and V(G) x B 2 — » T(G) x B 2 are isocohomological. 
The morphism i B : B --■> 25(G) x i? gives rise to a functor 

if : Mod(B) -» Mod(25(G) x B), if{M) = (25(G) x B) ® B M. 

Since V{G) k 5 is projective as a right B-module, this functor is exact, that is, 
if = Lif . Moreover, V{G) kB 2 = if 1 {B 2 ) = (25(G) x B{) ®^ B 2 and hence 

25(G) x B 2 ®v(G) KBl V(G) x B 2 <* V{G) x 5 2 ®% {g)kBi V(G) x ^ 0^ 5 2 

* (25(G) x B 2 ) ®^ B 2 = 25(G) ® (B 2 B2). 

Thus 2?(G) x £?i — » P(G) x B 2 is isocohomological if and only if B\ --■ » _B 2 is. 

Next we let B = B2 and show that 25(G) x £? — » T(G) x _B is isocohomological. 
The morphism i G : 25(G) ---> 25(G) x i? gives rise to a functor 

if: Mod(G) Mod(25(G) x B), M ^ if{M) = (25(G) x B) ® G M. 

Since 25(G) x B is projective as a right 25(G)-module, this functor is exact, that is, 
if = Lip. One checks easily that T(G) x B = ifT(G), using that W and W^ 1 
are bounded on T(G) (g) B. As above, this implies that 25(G) k B ^ T(G) x i? is 
isocohomological if and only if T(G) is isocohomological. □ 

7.3. Application to noncommutative tori. In this section, we show how Alain 
Connes's computations for non-commutative tori in [3] fit into our framework. Our 
method obviously extends to non-commutative tori of higher rank and to some 
other crossed product algebras. We do not pursue this here in order to formulate 
results very concretely. Let € R and let Tg be the noncommutative 2-torus defined 
by invertible generators U, V satisfying the relation UV — exp(2Tri8)VU for some 
9 e M. We define bornological algebras 

T{T 2 e ) C 0{Y 2 e ) C S u {T 2 g ) C S(T 2 e ) 

of polynomial, holomorphic, real analytic, and smooth functions on Tg. These 
spaces are equal to C[Z 2 ], C(Z 2 ), 5"(Z 2 ), and 5(Z 2 ) as bornological vector spaces, 
and equipped with the product defined by UV = cxp(27ri#) V[7. For 9 = 0, we get 
the algebras of Laurent series, of holomorphic functions on (C x ) 2 , of real analytic 
functions on T 2 , and of smooth functions on T 2 , respectively. Thus one may also 
use the notation V((C x )g) and 0((C x )g) to stress that these algebras live on the 
complex torus (C x ) 2 . 

Let T(Tg) be one of these bornological algebras. We remark that V(Tg) carries 
the fine homology, 0(T 2 e ) and S{T 2 g ) are Frechet-Schwartz spaces equipped with 
the precompact bornology, and S"(Tg) is a Silva space (see [19]). However, the 
only property that we need is that T(Z) (§) T(Z) = T(Z 2 ). 

Let Z act on the convolution algebra T(Z) by n ■ V m := exp(27ri# • nm)V m . This 
defines a representation of Z by automorphisms. The operator W in (25) is given 
by W{U m V n ) = exp(27ri6> • mn)U m V n . This is evidently a bounded linear operator 
on T(Z x Z) = T(Z) <g> T(Z). Hence we can form the crossed product algebra 
T(Z) x T(Z). Of course, this is nothing but T{Tf). 
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Theorem 59. The embeddings ofV{T 2 g ) in 0(Tj), S^(T 2 g ) and S{T 2 ) are isoco- 
homological. 

Proof. Theorem 42 shows that the embedding C[Z] — > T(Z) is isocohomological. 
Therefore, the embedding T(T 2 e ) = C[Z] k C[Z] T(Z) K T(Z) = T(T 2 ) is isoco- 
homological by Theorem 58. □ 

Let K, be the complex of free 'P(Tg)-bimodules 

-> P(T^) ® POT 2 ,) [P(T^) ® P(T 2 )] 2 7?( T 2) g, p( T ^ ^ o 

augmented by a map K 'P(Tg), where 
6 (x®y) :=x-y, 

bi(xi ® 2/1, X2 <8> 2/2) := a;i <8> yi - xiU^ 1 ®Uyi+x 2 ®y 2 - x 2 V~ x ® Vy 2 , 
b 2 (x ®y)-={x®y — xV~ ® Vy, xlf^ 1 ® C/y — x ® y). 

It is easy to check that if. — > PCI 2 ,) is a free "P(Tg)-bimodule resolution of V(T g ). 
This purely algebraic statement is not affected if we equip all spaces in K % with the 
fine homology. 

Since PCT 2 ,) is free as a right module, the chain complex above is still contractible 
as a complex of right modules. Hence K, ®-p(j^ M — > M is a free resolution of M 

for any M e Mod^T 2 ,)). As a result, KHomp^^M, N) and M ®p( T 2) AT can 
be identified with the bornological chain complexes 

-» Hom P ( T 2)(M, A) Homp^^M,^) 2 Hom ? ( T 2)(M, N) -> 

M ® N (M <§> iV) 2 M ® N -> 0. 

Theorem 59 implies that the same chain complexes also compute R Hom T ( T 2) (M, AT) 

and M ®t-(t 2 ) I n particular, T(Tg) has cohomological dimension 2. 

The commutator quotient Mj\ of a bimodule M is the quotient of M by the 
closed linear span of elements of the form am — ma with a e A, m E M. The 
Hochschild homology of a quasi-unital algebra A is equal to the homology of P%l\ 
for any projective bimodule resolution P. of A because such algebras are H-unital 
(see [13]). Theorem 35.1 provides such a resolution for T(T g ). The resulting com- 
mutator quotient complex is 

T(Tg) -^T(T 2 ) 2 -^T(T 2 ) 

with 5 2 {x) = (x-VxV- 1 ,UxU- 1 -x), 5 l {x l ,x 2 ) = x 1 - Vx x \J- x + x 2 - Vx 2 V~ x . 
We can identify this chain complex with L <g> L, where L is the chain complex 

T(Z) A T(Z), af(m) := (1 - exp(27ri0m))/(m), 

concentrated in degrees and 1. The kernel of a is spanned by So if is irrational. 
The restriction of a to C[Z*] is invertible. Thus the chain complex L for ViT 2 ,) is 

homotopy equivalent to C — > C. As a result, the Hochschild homology of V(Tg) is 
given by C, C 2 , and C in dimensions 0, 1, and 2, and vanishes in higher dimensions. 

If we replace C[Z*] by T(Z*), the restriction of a need not be invertible any 
more. The issue is whether or not the function m ^ (1 — ex^>(2i:\9m))^ 1 on Z* has 
polynomial, subexponential, or exponential growth, depending on whether we con- 
sider S(Z), >S W (Z), or O(Z). It is observed by Alain Connes ([3]) that this question 
for <S(Z) depends on the Diophantine approximation properties of the parameter 0. 
The same holds for the other function spaces. The Hochschild homologies of TIT 2 ,) 
and V(Tg) agree if and only if (1 — cxp(27ri6'm)) _1 satisfies the appropriate growth 
condition. Otherwise, the Hochschild homology of T(Tg) contains some additional 
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infinite dimensional non-Hausdorff spaces in dimensions 1 and 0. We remark that 
these additions disappear in periodic cyclic homology. The reason is the gauge 
action of T 2 on T(Tg). By homotopy invariance, only the gauge invariant part of 
the Hochschild homology contributes to the periodic cyclic homology. 
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